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Problem 1.
(a) Let A={the setof4x6 binary matrices with exactly 2 ones per column and 3 ones

perrow}, B={b|bOA, all columnsin b are distinct}, C={c|cOA, there are two
columns inc that are the same, but no three columnsdiare the same},D ={d |d O A,
there are three columns in d that are the same}. Thenclearly A=BOC0OD, and
|AEB[+[C|+]D].

4
There are totally{Z] = 6 different vectors of length 4 containing 2 ones. Considering

each such vector as a column, we knpl/|= 6= 720.
Consider any matrixin C. Let {c,, ¢,, ¢;, C,, C;, Cs} bethe 6 columns ot

(we are not consideringie order of them), without loss of generality say; = c, . Since

6 6
Z =>.¢ =@ 1 1 )7, and no four distinct columns with 2 ones in each will have
i=3 i=1

um (1 1 1 1)7,there must be two columns among{c;,c,,C;,Cs} thatare the
same-WLOG say c, =c, . Since Zci :ZQ =1 111", c#c,.Bythe
- =5 =l -

definition of Cwe have c, #c, # ¢, # c,. Since there are 3 ones in each row of c,

3
+c=(1 11 D', andc;+c;=(@1 1 1 1)7.There are(J ways to select, and

6Y4 . ,
Cs, and (ZIZJ ways to select the ordered positions of C.C, and Cs,C, - Now fix
C,C,,C5,C, as well as their positions, there are 2 ways to sele_;:iand Cs » and 2 ways

3Y6Y4
to select their ordered positions. So there are tOtaﬁXIZIZJQ [21=1080 matrices in

C.
Consider any ratrixdin D. Let{d,, d,, d;, d,, ds, dg} bethe 6 columns of

d (we are not considering the order of them), without loss of generalityﬁayﬁ =d,.

3
Then it's easy to see thaﬁ =d; =dg, andﬁ +% =(1 1 1 DT.There are(J ways

6
to selectﬁ and % and (3} ways to select the ordered positions of the 6 columns. So

o3



Therefore there arpA|= 720+1080+60=1860 4x 6 binary matrices with exactly 2

ones per column and 3 ones per row. It's simple to figure out that all matric8sandC
have rank 3, while all matrices iD have rank 2. So among those 1860 matrices there are
| B|+|C |=720+1080=1800 o f them which can be parity check matrices for (6,3)

codes.

(b) From part (a) we know there af8 |= 720 such matrices with distinct columns.

The significance of having distinct columns in a paritsheck matrix is that a code’s
weight> 3 (which means it can correct singlait errors) if and only if all the columns in
the parity-check matrix are distinct. If two columns in the parity-check matrix are the
same, then the two singlat error patterns whose error posit® correspond to those two
columns respectively will have the same syndrome.

@ -2) ]@-2)

(c) There are —; >
[e-2) []@-2)

(d) From part (a) we know th¢B |+ | C |= 720+1080=1800 matrices in seB andC can

be paritycheck matrices forg,3) codes. For any matrix, say matsxin setB or C, if we
permute the rows o, we get a matrix different fronx because all rows af are distinct,
but clearly that matrix is also in s& or C and is a paritycheck matrix for the same code
asxis. There are 4 ways to permute the rows ofx. Now we want to ask if there is a
matrix in setB or C which is a parity-check matrix for the same code ass, but whose
rows are not the permutation of’s rows. The answer is no. To showhat let's suppose
such a matrix exists, and call iy. Then there is a row iny which contains 3 ones and is
not a row in x—however it must be the summation of some rows irx. Each row in x
contains 3 ones, so the summation of any two rowswnll have an even number of ones
in it. All the four rows in xsumuptobe(0 0 0O 0 O 0),sothe summation of any

three rows ofx is just another row ofx. Therefore there is a contradiction, aryddoesn’t
exist! So two matrices in seB or C are parity-check matrices for the same code if and

only if their rows are permutations of each other. So therel—%?(g =75 codes in part (c)

=1395 (6,3) binary linear codes.

with parity-check matrices of the form in part (a).
For the second question of part (d) the above reasomg also holds. So there are

IB] - 120 30 codes in part (c) with paritgheck matrices of the form in part (b).
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Problem 2.
The condition p, (0) — 0 is equivalent to the conditionpA(o(x)) < x J0<x<1. Since
for (3,6) LDPC codes A(X) =x"T=x¥ = x2,

o(x)=1-1-x)* ! =1-(1-x)°%" =1-(1- x)°, the condition becomes:



p[1-(1-x)°]* < x 00 < x <1. By using matlab/mathematica/maple/... we find the
threshold value fop (0< p<1) is 0.429.



