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Abstract. We proposea thresholded ensemble model for ordinal regres-
sion problems. The model consists of a weighted ensemble of con�dence
functions and an ordered vector of thresholds. We derive novel large-
margin bounds of common error functions, such as the classi�cation error
and the absolute error. In addition to someexisting algorithms, we also
study two novel boosting approachesfor constructing thresholded ensem-
bles. Both our approachesnot only are simpler than existing algorithms,
but also have a stronger connection to the large-margin bounds. In addi-
tion, they have comparable performance to SVM-based algorithms, but
enjoy the bene�t of faster training. Experimental results on benchmark
datasets demonstrate the usefulnessof our boosting approaches.

1 In tro duction

Ordinal regressionresidesbetweenmulticlass classi�cation and metric regression
in the areaof supervisedlearning. They have many applications in social science
and information retrieval to match human preferences.In an ordinal regression
problem, examplesare labeled with a set of K � 2 discrete ranks, which, unlike
generalclasslabels, also carry ordering preferences.However, ordinal regression
is not exactly the sameas common metric regression,becausethe label set is of
�nite sizeand metric distance betweenranks is unde�ned.

Several approachesfor ordinal regressionwere proposedin recent yearsfrom
a machine learning perspective. For example,Herbrich et al. [1] designedan algo-
rithm with support vector machines (SVM). Other SVM formulations were �rst
studied by Shashua and Levin [2], and someimproved oneswere later proposed
by Chu and Keerthi [3]. Crammer and Singer [4] generalized the perceptron
learning rule for ordinal regressionin an online setting. Theseapproachesare all
extendedfrom well-known binary classi�cation algorithms [5]. In addition, they
share a common property in predicting: the discrete rank comesfrom thresh-
olding a continuous potential value, which represents an ordering preference.
Ideally, exampleswith higher ranks should have higher potential values.

In the special caseof K = 2, ordinal regressionis similar to binary classi�ca-
tion [6]. If we interpret the similarit y from the other side, the con�dence function
for a binary classi�er can be naturally usedasan ordering preference.For exam-
ple, Freund et al. [7] proposeda boosting algorithm, RankBoost, that constructs
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an ensemble of those con�dence functions to form a better ordering preference.
However, RankBoost wasnot speci�cally designedfor ordinal regression.Hence,
somee�orts are neededwhen applying RankBoost for ordinal regression.

In this work, we combine the ideas of thresholding and ensemble learning
to proposea thresholded ensemble model for ordinal regression.In our model,
potential values are computed from an ensemble of con�dence functions, and
then thresholded to rank labels. It is well-known that ensemble is useful and
powerful in approximating complex functions for classi�cation and metric re-
gression[8]. Our model shall inherit the sameadvantagesfor ordinal regression.
Furthermore, we de�ne margins for the thresholded ensemble model, and derive
novel large-margin bounds of its out-of-sample error. The results indicate that
large-margin thresholded ensembles could generalizewell.

Algorithms for constructing thresholded ensembles are also studied. We not
only combine RankBoost with a thresholding algorithm, but also proposetwo
simpler boosting formulations, named ordinal regressionboosting (ORBoost).
ORBoost formulations have stronger connectionswith the large-margin bounds
that we derive, and are direct generalizations to the famous AdaBoost algo-
rithm [9]. Experimental results demonstrate that ORBoost formulations share
somegood properties with AdaBoost. They usually outperform RankBoost, and
have comparableperformanceto SVM-basedalgorithms.

This paper is organizedas follows. Section2 intro ducesordinal regression,as
well as the thresholded ensemble model. Large-margin bounds for thresholded
ensembles are derived in Sect. 3. Then, an extended RankBoost algorithm and
two ORBoost formulations, which construct thresholdedensembles,arediscussed
in Sect. 4. We show the experimental results in Sect. 5, and concludein Sect. 6.

2 Thresholded Ensemble Mo del for Ordinal Regression

In an ordinal regressionproblem, we are given a set of training examplesS =
f (xn ; yn )gN

n =1 , where each input vector xn 2 RD is associated with an ordinal
label (i.e., rank) yn . We assumethat yn belongsto a set f 1; 2; : : : ; K g. The goal
is to �nd an ordinal regressionrule G(x) that predicts the rank y of an unseen
input vector x. For a theoretic setting, we shall assumethat all input-rank pairs
are drawn i.i.d. from someunknown distribution D.

The setting above looks similar to that of a multiclass classi�cation problem.
Hence,a generalclassi�cation error,1

EC (G; D) = E(x;y ) �D JG(x) 6= yK;

can be used to measurethe performanceof G. However, the classi�cation error
doesnot considerthe ordering preferenceof the ranks. One naive interpretation
of the ordering preferenceis as follows: for an example (x; y) with y = 4, if
G1(x) = 3 and G2(x) = 1, G1 is preferred over G2 on that example.A common

1 J�K= 1 when the inner condition is true, and 0 otherwise.
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practice to encode such preferenceis to usethe absolute error:

EA (G; D) = E(x;y ) �D jG(x) � yj :

Next, we proposethe thresholded ensemble model for ordinal regression.As
the name suggests,the model has two components: a vector of thresholds, and
an ensemble of con�dence functions.

Thresholded models are widely usedfor ordinal regression[3,4]. The thresh-
olds can be thought asestimated scalesthat re
ect the discretenature of ordinal
regression.The ordinal regressionrule, denoted as GH ;� , is illustrated in Fig. 1.
Here H (x) computes the potential value of x, and � is a (K � 1) dimensional
ordered vector that contains the thresholds (� 1 � � 2 � � � � � � K � 1). We shall
denote GH ;� as G� when H is clear from the context. Then, if we let � 0 = �1
and � K = 1 , the ordinal regressionrule is

G� (x) = min f k : H (x) � � k g = max f k : H (x) > � k � 1g = 1 +
K � 1X

k=1

JH (x) > � k K:

In the thresholded ensemble model, we take an ensemble of con�dence func-
tions to compute the potentials. That is,

H (x) = HT (x) =
TX

t =1

� t ht (x); � t 2 R:

We shall assumethat the con�dence function ht comesfrom a hypothesisset H ,
and hasan output range[� 1; 1]. A special caseof the con�dence function, which
only outputs � 1 or 1, would becalleda binary classi�er. Each con�dence function
re
ects a possibly imperfect ordering preference.The ensemble linearly combines
the ordering preferenceswith � . Note that weallow � t to be any real value,which
meansthat it is possibleto reversethe ordering preferenceof ht in the ensemble
when necessary.

Ensemble models in generalhave beensuccessfullyusedfor classi�cation and
metric regression[8]. They not only intro duce more stable predictions through
the linear combination, but alsoprovide su�cien t power for approximating com-
plex functions. Theseproperties shall be inherited by the thresholded ensemble
model for ordinal regression.

3 Large-Margin Bounds for Thresholded Ensembles

Margin is an important concept in structural risk minimization [10]. Many large-
margin error bounds were proposedbasedon the intuition that large margins
lead to good generalization. They are typically of the form

E1(G; D) � E2(G; Su ; � ) + complexity term:

Here E1(G; D) is the generalization error of interest, such as EA (G; D). Su de-
notes the uniform distribution on the set S, and E2(G; Su ; � ) represents some
training error with margin � , which will be further explained in this section.
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Fig. 1. The thresholded model and the margins of a correctly-predicted example

For ordinal regression,Herbrich et al. [1] derived a large-margin bound for a
thresholdedordinal regressionrule G. Unfortunately the bound is quite restricted
sinceit requires that E2(G; Su ; � ) = 0. In addition, the bound usesa de�nition
of margin that has O(N 2) terms, which makes it more complicated to design
algorithms that relate to the bound. Another bound was derived by Shashua
and Levin [2]. The bound is basedon a margin de�nition of only O(K N ) terms,
and is applicable to the thresholded ensemble model. However, the bound is
loose when T, the size of the ensemble, is large, becauseits complexity term
grows with T .

In this section, we derive novel large-margin bounds of di�eren t error func-
tions for the thresholded ensemble model. The bounds are extended from the
results of Schapire et al. [11]. Our bounds are based on a margin de�nition
of O(K N ) terms. Similar to the results of Schapire et al., our bounds do not
require E2(G; Su ; � ) = 0, and their complexity terms do not grow with T .

3.1 Margins

The margins with respect to a thresholded model are illustrated in Fig. 1. Intu-
itiv ely, we expect the potential value H (x) to be in the correct interval (� y � 1; � y ],
and we want H (x) to be far from the boundaries (thresholds):

De�nition 1. Consider a given thresholded ensembleG� (x).

1. The margin of an example(x; y) with respect to � k is de�ned as

� k (x; y) =

(
H (x) � � k ; if y > k;

� k � H (x); if y � k.

2. The normalized margin �� k (x; y) is de�ned as

�� k (x; y) = � k (x; y)
�  

TX

t =1

j� t j +
K � 1X

k=1

j� k j

!

:

De�nition 1 is similar to the de�nition by Shashua and Levin [2], which is
analogousto the de�nition of margins in binary classi�cation. A negative � k (x; y)
would indicate an incorrect prediction.

For each example (x; y), we can obtain (K � 1) margins from De�nition 1.
However, two of them are of the most importance. The �rst one is � y � 1(x; y),
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which is the margin to the left (lower) boundary of the correct interval. The other
is � y (x; y), which is the margin to the right (upper) boundary. We will give them
special names:the left-margin � L (x; y), and the right-margin � R (x; y). Note that
by de�nition, � L (x; 1) = � R (x; K ) = 1 .

� -classi�cation error: Next, we take a closer look at the error functions for
thresholded ensemble models. If we make a minor assumption that the degener-
ate cases�� R (x; y) = 0 are of an in�nitesimal probabilit y,

EC (G� ; D) = E(x;y ) �D JG� (x) 6= yK

= E(x;y ) �D J�� L (x; y) � 0 or �� R (x; y) � 0K:

The de�nition could be generalized by expecting both margins to be larger
than � . That is, de�ne the � -classi�cation error as

EC (G� ; D; � ) = E(x;y ) �D J�� L (x; y) � � or �� R (x; y) � � K:

Then, EC (G� ; D) is just a special casewith � = 0.

� -b oundary error: The \or" operation of EC (G� ; D; � ) is not easyto handle
in the proof of the coming bounds. An alternativ e choice is the � -boundary
error:

EB (G� ; D; � ) = E(x;y ) �D

8
><

>:

J�� R (x; y) � � K; if y = 1;
J�� L (x; y) � � K; if y = K ;
1
2 � (J�� L (x; y) � � K+ J�� R (x; y) � � K) ; otherwise.

The � -boundary error and the � -classi�cation error are equivalent up to a
constant. That is, for any (G� ; D; � ),

1
2 EC (G� ; D; � ) � EB (G� ; D; � ) � EC (G� ; D; � ): (1)

� -absolute error: We can analogouslyde�ne the � -absolute error as

EA (G� ; D; � ) = E(x;y ) �D

K � 1X

k=1

J�� k (x; y) � � K:

Then, if we assumethat the degeneratecases� k (x; y) = 0 happen with an
in�nitesimal probabilit y, EA (G� ; D) is just a special casewith � = 0.

3.2 Large-Margin Bounds

An important observation for deriving our bounds is that EB and EA can be
written with respect to an additional sampling of k. For example,

EA (G� ; D; � ) = (K � 1)E(x;y ) �D ;k �f 1;::: ;K � 1gu
J�� k (x; y) � � K:
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Equivalently , we can de�ne a distribution D̂ by D and f 1; : : : ; K � 1gu to gen-
erate the tuple (x; y; k). Then EA (G� ; D) is simply the portion of nonposi-
tiv e �� k (x; y) under D̂. Consider an extended training set Ŝ = f (xn ; yn ; k)g
with N (K � 1) elements. Each element is a possible outcome from D̂. Note,
however, that these elements are not all independent. For example, (xn ; yn ; 1)
and (xn ; yn ; 2) are dependent. Thus, we cannot directly usethe whole Ŝ asa set
of i.i.d. outcomesfrom D̂.

Fortunately, somesubsetsof Ŝ contain independent outcomesfrom D̂. One
way to extract such subsetsis to chooseonekn from f 1; : : : ; K � 1gu for each ex-
ample(xn ; yn ) independently . The subsetwould benamedT = f (xn ; yn ; kn )gN

n =1 .
Then, we can obtain a large-margin bound of the absolute error:

Theorem 1. Consider a setH , which contains only binary classi�ers, is negation-
complete,2 and has VC-dimension d. Let � > 0, and N > d + K � 1 = d̂. Then
with probability at least 1� � over the random choice of the training set S, every
thresholded ensembleG� (x), where the associated H is constructed with h 2 H,
satis�es the following bound for all � > 0:

EA (G� ; D) � EA (G� ; Su ; � ) + O

0

@ K
p

N

 
d̂ log2(N=d̂)

� 2 + log
1
�

! 1=2
1

A :

Proof. The key is to reducethe ordinal regressionproblem to a binary classi�ca-
tion problem, which consistsof training examplesderived from (xn ; yn ; kn ) 2 T :

(X n ; Yn ) =

( �
(xn ; 1kn ) ; +1

�
; if yn > kn ;

�
(xn ; 1kn ) ; � 1

�
; if yn � kn ,

(2)

where 1m is a vector of length (K � 1) with a single 1 at the m-th dimension
and 0 elsewhere.The test examplesare constructed similarly with (x; y; k) � D̂.
Then, large-margin bounds for the ordinal regressionproblem can be inferred
from those for the binary classi�cation problem, as shown in Appendix A. ut

Similarly, if we look at the boundary error,

EB (G� ; D; � ) = E(x;y ) �D ;k �B y J�� k (x; y) � � K;

for somedistribution By on f L; Rg. Then, a similar proof leadsto

Theorem 2. For the sameconditions as of Theorem 1,

EB (G� ; D) � EB (G� ; Su ; � ) + O

0

@ 1
p

N

 
d̂ log2(N=d̂)

� 2 + log
1
�

! 1=2
1

A :

Then, a large-marginbound of the classi�cation error canimmediately bederived
by applying (1).

2 h 2 H ( ) (� h) 2 H , where (� h)( x) = �
�
h(x)

�
for all x.
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Corollary 1. For the sameconditions as of Theorem 1,

EC (G� ; D) � 2EC (G� ; Su ; � ) + O

0

@ 1
p

N

 
d̂ log2(N=d̂)

� 2 + log
1
�

! 1=2
1

A :

Similar bounds can be derived with another large-margin theorem [11, The-
orem 4] when H contains con�dence functions rather than binary classi�ers.
These bounds provide motivations for building algorithms with margin-related
formulations.

4 Bo osting Algorithms for Thresholded Ensembles

The bounds in the previous sectionare applicable to thresholdedensemblesgen-
erated from any algorithms. One possiblealgorithm, for example, is an SVM-
basedapproach [3] with special kernels[12]. In this section, we focus on another
branch of approaches:boosting. Boosting approachescan iterativ ely grow the en-
semble H (x), and have beensuccessfulin classi�cation and metric regression[8].
Our study includes an extension to the RankBoost algorithm [7] and two novel
formulations that we propose.

4.1 RankBo ost for Ordinal Regression

RankBoost [7] constructs a weighted ensemble of con�dence functions based
on the following large-margin concept: for each pair (i; j ) such that yi > yj ,
the di�erence between their potential values, H t (x i ) � H t (x j ), is desired to be
positive and large. Thus, in the t-th iteration, the algorithm chooses(ht ; � t ) to
approximately minimize

X

y i >y j

e� H t � 1 (x i ) � � t h t (x i )+ H t � 1 (x j )+ � t h t (x j ) : (3)

Our e�orts in extending RankBoost for ordinal regressionare discussedas
follows:

Computing � t : Two approachescan be usedto determine � t in RankBoost [7]:

1. Obtain the optimal � t by numerical search (con�dence functions) or analyt-
ical solution (binary classi�ers).

2. Minimize an upper bound of (3).

If ht (xn ) is monotonic with respect to yn , the optimal � t obtained from ap-
proach 1 is 1 , and one single ht would dominate the ensemble. This situation
not only makes the ensemble less stable, but also limits its power. For exam-
ple, if (yn ; ht (xn )) pairs for four examplesare (1; � 1), (2; 0), (3; 1), and (4; 1),
ranks 3 and 4 on the last two examplescannot be distinguished by ht . We have
frequently observed such a degeneratesituation, called partial matching, in real-
world experiments, even when ht is assimple asa decisionstump. Thus, we shall
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useapproach 2 for our experiments. Note, however, that when partial matching
happens, the magnitude of � t from approach 2 can still be relatively large, and
may causenumerical di�culties.

Obtaining � : After RankBoost computesa potential function H (x), a reason-
able way to obtain the thresholds basedon training examplesis

� = argmin# EA (G# ; Su ): (4)

The combination of RankBoost and the absolute error criterion (4) would be
called RankBoost-AE. The optimal range of #k can be e�cien tly determined
by dynamic programming. For simplicit y and stabilit y, we assign � k to be the
middle value in the optimal range. The algorithm that aims at EC instead of
EA can be similarly derived.

4.2 Ordinal Regression Bo osting with Left-Righ t Margins

The idea of ordinal regressionboosting comesfrom the de�nition of margins
in Sect. 3. As indicated by our bounds, we want the margins to be as large
as possible.To achieve this goal, our algorithms, similar to AdaBoost, work on
minimizing the exponential margin loss.

First, we intro duce a simple formulation called ordinal regressionboosting
with left-righ t margins (ORBoost-LR), which tries to minimize

NX

n =1

h
e� � L (x n ;y n ) + e� � R (x n ;y n )

i
: (5)

The formulation canbe thought asmaximizing the soft-min of the left- and right-
margins. Similar to RankBoost, the minimization is performed in an iterativ e
manner. In each iteration, a con�dence function ht is chosen, its weight � t is
computed, and the vector � is updated. If we plug in the margin de�nition
to (5), we can seethat the iteration stepsshould be designedto approximately
minimize

NX

n =1

h
' n e� t h t (x n ) � � y n + ' � 1

n e� y n � 1 � � t h t (x n )
i

; (6)

where ' n = eH t � 1 (x n ) . Next, we discussthesethree steps in detail.

Cho osing ht : Mason et al. [13] explained AdaBoost as a gradient descent
technique in function space.We derive ORBoost-LR using the sametechnique.
We �rst choosea con�dence function ht that is closeto the negative gradient:

ht = argmin
h2H

NX

n =1

h(xn )
�
' n e� � y n � ' � 1

n e� y n � 1
�

:

This step can be performed with the help of another learning algorithm, called
the baselearner.
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Computing � t : Similar to RankBoost, we minimize an upper bound of (6),
which is based on a piece-wiselinear approximation of ex for x 2 [� 1; 0] and
x 2 [0; 1]. The bound can be written as W+ e� + W� e� � , with

W+ =
X

h t (x n )> 0

ht (xn )' n e� � y n �
X

h t (x n )< 0

ht (xn )' � 1
n e� y n � 1 ;

W� =
X

h t (x n )> 0

ht (xn )' � 1
n e� y n � 1 �

X

h t (x n )< 0

ht (xn )' n e� � y n :

Then, the optimal � t for the bound can be computed by 1
2 log W �

W +
.

Note that the upper bound is equal to (6) if ht (xn ) 2 f� 1; 0; 1g. Thus,
when ht is a binary classi�er, the optimal � t can be exactly determined. Another
remark hereis that � t is �nite under somemild conditions which make both W+

and W� positive. Thus, unlike RankBoost, ORBoost-LR rarely sets � t to 1 .

Up dating � : Note that when the pair (ht ; � t ) is �xed, (6) can be reorganized
as

P K � 1
k=1 Wk ;+ e� k + Wk ;� e� � k . Then, each � k can be computed analytically,

uniquely, and independently . However, when each � k is updated independently ,
the thresholds may not be ordered. Hence, we propose to add an additional
ordering constraint to (6). That is, choosing � by solving

min
#

K � 1X

k=1

Wk ;+ e# k + Wk ;� e� # k (7)

s.t. #1 � #2 � � � � � #K � 1:

An e�cien t algorithm for solving (7) can be obtained from by a simple modi�ca-
tion of the pool adjacent violators (PAV) algorithm for isotonic regression[14].

Com bination of the steps: ORBoost-LR works by combining the three steps
above sequentially in each iteration. Note that after ht is determined, � t and � t

can be either jointly optimized, or cyclically updated. However, we found that
joint or cyclic optimization does not always intro duce better performance,and
could sometimescauseORBoost-LR to over�t. Thus, we only executeeach step
oncein each iteration.

4.3 Ordinal Regression Bo osting with All Margins

ORBoost with all margins (ORBoost-All) operateson

NX

n =1

K � 1X

k=1

e� � k (x n ;y n ) (8)

instead of (6). The derivations for the three steps are almost the same as
ORBoost-LR. We shall just make someremarks.

Up dating � : When using (8) to update the thresholds, we have proved that
each � k can be updated uniquely and independently , while still being ordered[5].
Thus, we do not needto implement the PAV algorithm for ORBoost-All.
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Relationship between algorithm and theory: A simple relation is that for
any � , e� A �� k (x n ;y n ) is an upper bound of e� A� � J�� k (xn ; yn ) � � K. If we take A
to be the normalization term of �� k , we can seethat

{ ORBoost-All works on minimizing an upper bound of EA (G� ; Su ; � ).
{ ORBoost-LR works to minimizing an upper bound of EB (G� ; Su ; � ), or

1
2 EC (G� ; Su ; � ).

ORBoost-All not only minimizes an upper bound, but provably also mini-
mizesthe term EA (G� ; Su ; � ) exponentially fast with a su�cien tly strong choice
of ht . The proof relies on an extension of the training error theorem of Ada-
Boost [11, Theorem 5]. Similar proof can be usedfor ORBoost-LR.

Connection to other algorithms: ORBoost approachesare direct general-
izations of AdaBoost using the gradient descent optimization point of view. In
the special caseof K = 2, both ORBoost approaches are almost the same as
AdaBoost with an additional term � 1. Note that the term � 1 can be thought as
the coe�cien t of a constant classi�er. Interestingly, Rudin et al. [6] proved the
connection between RankBoost and AdaBoost when including a constant clas-
si�er in the ensemble. Thus, when K = 2, RankBoost-EA, ORBoost-LR, and
ORBoost-All, all sharesomesimilarit y with AdaBoost.

ORBoost formulations alsohave connectionswith SVM-basedalgorithms. In
particular, ORBoost-LR has a counterpart of SVM with explicit constraints
(SVM-EX C), and ORBoost-All is related to SVM with implicit constraints
(SVM-IMC) [3]. These connectionsfollow closely with the links between Ada-
Boost and SVM [12,15].

5 Exp erimen ts

In this section, we comparethe three boosting formulations for constructing the
thresholded ensemble model. We also compare these formulations with SVM-
basedalgorithms.

Two sets of con�dence functions are used in the experiments. The �rst one
is the set of perceptrons

�
sign

�
wT x + b

�
: w 2 RD ; b 2 R

	
. The RCD-bias algo-

rithm is known to work well with AdaBoost [16], and is adopted as our base
learner.

The secondset is
�

tanh(wT x + b) : wT w + b2 = 
 2
	

, which contains normal-
ized sigmoid functions. Note that sigmoid functions smoothen the output of
perceptrons, and the smoothness is controlled by the parameter 
 . We use a
naive baselearner for normalized sigmoid functions as follows: RCD-bias is �rst
performed to get a perceptron. Then, the weights and bias of the perceptron are
normalized, and the outputs are smoothened. Throughout the experiments we
use
 = 4, which was picked with a few experimental runs on somedatasets.

5.1 Arti�cial Dataset

We �rst verify that the idea of the thresholded ensemble model works with an
arti�cial 2-D dataset (Fig. 2(a)). Figure 2(b) depicts the separating boundaries
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Fig. 2. An arti�cial 2-D dataset and the learned boundaries with ORBoost-All

of the thresholdedensemble of 200perceptronsconstructed by ORBoost-All. By
combining perceptrons, ORBoost-All works reasonably well in approximating
the nonlinear boundaries. A similar plot can be obtained with ORBoost-LR.
RankBoost-AE cannot perform well on this dataset due to numerical di�culties
(seeSubsect.4.1) after only 5 iterations.

If weusea thresholdedensemble of 200normalizedsigmoid functions, it is ob-
served that ORBoost-All, ORBoost-LR, and RankBoost-AE perform similarly.
The result of ORBoost-All (Fig. 2(c)) shows that the separating boundariesare
much smoother becauseeach sigmoid function is smooth. As we shall discuss
later, the smoothnesscan be important for someordinal regressionproblems.

5.2 Benc hmark Datasets

Next, we perform experiments with eight benchmark datasets3 that were used
by Chu and Keerthi [3]. The datasetsare quantized from somemetric regression
datasets.We usethe sameK = 10, the same\training/test" partition ratio, and
also average the results over 20 trials. Thus, we can compare RankBoost and
ORBoost fairly with the SVM-basedresults of Chu and Keerthi [3].

The results on the abalonedataset with T up to 2000are given in Fig. 3. The
training errors are shown in the top plots, while the test errors are shown in the
bottom plots. Basedon theseresults, we have several remarks:

RankBo ost vs. ORBo ost: RankBoost-AE can usually decreaseboth the
training classi�cation and the training absolute errors faster than ORBoost al-
gorithms. However, such property often lead to consistently worsetest error than
both ORBoost-LR and ORBoost-All. An explanation is that although the Rank-
Boost ensemble orders the training exampleswell, the current estimate of � is
not usedto decide(ht ; � t ). Thus, the two components (H T ; � ) of the thresholded
ensemble model are not jointly considered,and the greedinessin constructing
only HT results in over�tting. In contrast, ORBoost-LR and ORBoost-All take
into consideration the current � in choosing (ht ; � t ) and the current HT in up-
dating � . Hence,a better pair of (H T ; � ) could be obtained.

3 pyrimdines, machineCPU, boston, abalone, bank, computer, california, and census.
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Fig. 3. Errors on the abalonedataset over 20 runs

ORBo ost-LR vs. ORBo ost-All: Both ORBoost formulations inherit a good
property from AdaBoost: not very vulnerable to over�tting. ORBoost-LR is
better on test classi�cation errors, while ORBoost-All is better on test absolute
errors. This is partially justi�ed by our discussionin Subsect.4.3 that the two
formulations minimize di�eren t margin-related upper bounds.A similar observa-
tion wasmadeby Chu and Keerthi [3] on SVM-EXC and SVM-IMC algorithms.
Note, however, that ORBoost-LR with perceptronsminimizes the training clas-
si�cation error slower than ORBoost-All on this dataset, becausethe additional
ordering constraint of � in ORBoost-LR slows down the convergence.

Perceptron vs. sigmoid: Formulations with sigmoid functions have consis-
tently higher training error, which is due to the naive choiceof baselearner and
the approximation of � t . However, the best test performance is also achieved
with sigmoid functions. One possiblereasonis that the abalonedataset is quan-
tized from a metric regressiondataset, and hencecontains someproperties such
as smoothnessof the boundaries. If we only use binary classi�ers like percep-
trons, as depicted in Fig. 2(b), the boundaries would not be as smooth, and
more errors may happen. Thus, for ordinal regressiondatasets that are quan-
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Table 1. Test classi�cation error of ordinal regressionalgorithms

data RankBo ost-AE ORBo ost-LR ORBo ost-All SVM-EX C [3]
set perceptron sigmoid perceptron sigmoid perceptron sigmoid
pyr. 0:758� 0:015 0:767� 0:020 0:731 � 0:019 0:731 � 0:018 0:744� 0:019 0:735� 0:017 0:752� 0:014
mac. 0:717� 0:022 0:669� 0:011 0:610 � 0:009 0:633� 0:011 0:605 � 0:010 0:625� 0:014 0:661� 0:012
bos. 0:603� 0:006 0:578� 0:008 0:580� 0:006 0:549 � 0:007 0:579� 0:006 0:558� 0:006 0:569� 0:006
aba. 0:759� 0:001 0:765� 0:002 0:740� 0:002 0:716 � 0:002 0:749� 0:002 0:731� 0:002 0:736� 0:002
ban. 0:805� 0:001 0:822� 0:001 0:767� 0:001 0:777� 0:002 0:771� 0:001 0:776� 0:001 0:744 � 0:001
com. 0:598� 0:002 0:616� 0:001 0:498� 0:001 0:491� 0:001 0:499� 0:001 0:505� 0:001 0:462 � 0:001
cal. 0:741� 0:001 0:690� 0:001 0:628� 0:001 0:605 � 0:001 0:626� 0:001 0:618� 0:001 0:640� 0:001
cen. 0:808� 0:001 0:780� 0:001 0:718� 0:001 0:694 � 0:001 0:722� 0:001 0:701� 0:001 0:699� 0:000

(results that are within one standard error of the b est are mark ed in b old)

Table 2. Test absolute error of ordinal regressionalgorithms

data RankBo ost-AE ORBo ost-LR ORBo ost-All SVM-IMC [3]
set perceptron sigmoid perceptron sigmoid perceptron sigmoid
pyr. 1:619� 0:078 1:590� 0:077 1:340 � 0:049 1:402� 0:052 1:360� 0:046 1:398� 0:052 1:294 � 0:046
mac. 1:573� 0:191 1:282� 0:034 0:897 � 0:019 0:985� 0:018 0:889 � 0:019 0:969� 0:025 0:990� 0:026
bos. 0:842� 0:014 0:829� 0:014 0:788� 0:013 0:758 � 0:015 0:791� 0:013 0:777� 0:015 0:747 � 0:011
aba. 1:517� 0:005 1:738� 0:008 1:442� 0:004 1:537� 0:007 1:432� 0:003 1:403� 0:004 1:361 � 0:003
ban. 1:867� 0:004 2:183� 0:007 1:507� 0:002 1:656� 0:005 1:490� 0:002 1:539� 0:002 1:393 � 0:002
com. 0:841� 0:003 0:945� 0:004 0:631� 0:002 0:634� 0:003 0:626� 0:002 0:634� 0:002 0:596 � 0:002
cal. 1:528� 0:006 1:251� 0:004 1:042� 0:004 0:956� 0:002 0:977� 0:002 0:942 � 0:002 1:008� 0:001
cen. 2:008� 0:006 1:796� 0:005 1:305� 0:003 1:262� 0:003 1:265� 0:002 1:198 � 0:002 1:205� 0:002

(results that are within one standard error of the b est are mark ed in b old)

tized from metric regressiondatasets,smooth con�dence functions may be more
useful than discrete binary classi�ers.

We list the mean and standard errors of all test results with T = 2000 in
Tables1 and 2. Consistent with the results on the abalonedataset, RankBoost-
AE almost always performs the worst; ORBoost-LR is better on classi�cation
errors, and ORBoost-All is slightly better on absolute errors. When compared
with SVM-IMC on classi�cation errors and SVM-EXC on absolute errors [3],
both ORBoost formulations have similar errors as the SVM-based algorithms.
Note, however, that ORBoost formulations with perceptronsor sigmoid functions
are much faster. On the censusdataset, which contains 6000training examples,
it takes about an hour for ORBoost to �nish one trial. But SVM-based ap-
proaches,which include a time-consuming automatic parameter selection step,
need more than four days. With the comparable performanceand signi�can tly
lesscomputational cost, ORBoost could be a useful tool for large datasets.

6 Conclusion

We proposeda thresholded ensemble model for ordinal regression,and de�ned
margins for the model. Novel large-margin bounds of common error functions
were proved. We studied three algorithms for obtaining thresholded ensembles.
The �rst algorithm, RankBoost-AE, combines RankBoost and a thresholding
algorithm. In addition, we designedtwo new boosting approaches,ORBoost-LR
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and ORBoost-All, which have closeconnectionswith the large-margin bounds.
ORBoost formulations are direct extensionsof AdaBoost, and inherit its advan-
tage of being lessvenerableto over�tting.

Experimental resultsdemonstratedthat ORBoost formulations havesuperior
performance over RankBoost-AE. In addition, they are comparable to SVM-
basedalgorithms in terms of test error, but enjoy the advantage of faster train-
ing. These properties make ORBoost formulations favorable over SVM-based
algorithms on large datasets.

ORBoost formulations can be equipped with any baselearnersfor con�dence
functions. In this work, we studied the perceptronsand the normalized sigmoid
functions. Future work could be exploring other con�dence functions for OR-
Boost, or extending other boosting approachesto perform ordinal regression.
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A Pro of of Theorem 1

As shown in (2), we �rst construct a transformed binary problem. Then, the
problem is modeled by an ensemble function F (x) de�ned on a basespace

F = H [ f sk gK � 1
k=1 :

Here sk (X ) = � sign(X D + k � 0:5) is a decisionstump on dimension (D + k). It
is not hard to show that the VC-dimension of F is no more than d̂ = d + K � 1.

Without lossof generality, wenormalizeG� (x) such that
P T

t =1 j� t j+
P K � 1

k=1 j� k j
is 1. Then, consider the associated ensemble function

F (X ) =
TX

t =1

� t ht (X ) +
K � 1X

k=1

� k sk (X ):

An important property for the transform is that for every (X ; Y) derived from
the tuple (x; y; k), Y F (X ) = �� k (x; y).

BecauseT contains N i.i.d. outcomesfrom D̂, the large-margin theorem [11,
Theorem 2] states that with probabilit y at least 1 � � =2 over the choice of T ,

E(x;y ;k ) � D̂ [Y F (X ) � 0] �

1
N

NX

n =1

JYn F (X n ) � � K+ O

0

@ 1
p

N

 
d̂ log2(N=d̂)

� 2 + log
1
�

! 1=2
1

A : (9)

SinceYF (X ) = �� k (x; y), the left-hand-side is 1
K � 1 EA (G� ; D).

Let bn = JYn F (X n ) � � K = J�� kn (xn ; yn ) � � K, which is a Boolean ran-
dom variable. An extended Cherno� bound shows that when each bn is chosen
independently , with probabilit y at least 1 � � =2 over the choice of bn ,

1
N

NX

n =1

bn �
1
N

NX

n =1

Ekn �f 1;��� ;K � 1gu
bn + O

 
1

p
N

�
log

1
�

� 1=2
!

: (10)

The desired result can be obtained by combining (9) and (10), with a union
bound and Ekn �f 1;��� ;K � 1gu

bn = 1
K � 1 EA (G� ; Su ; � ). ut


