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Abstract

Fractal-based features can be extracted from digitized images by a variety of ways.
Many of these features are used in the problem of texture classification and result in good
prediction accuracy. In this work I extract fractal-based features by three ways, including a
novel way to encode the process when calculating the fractal dimension. Then I use Support
Vector Machines(SVMs) to do supervised learning and classification using these features.
The novel thought leads to comparably good prediction accuracy, and hence should be
useful for practice.

1 Introduction

Fractal Geometry helps us to analyze the fractal dimension of a digitized image, and compress
a digitized image by coding the contraction mapping that converges to the image as a fixed
point. It has been shown in (Pentland 1984) that natural scenes can be described using fractal-
based description. And these fractal-based features have been successfully used in a variety of
ways to correctly classify textural images. Some other works such as as (Potlapalli and Luo
1998; Ferens and Kinsner 1995; V. V. Anh and Tsui 1999; Kaplan 1999) show that extracting
fractal-based features by fractional Brownian motion(fBm) model, multifractal analysis, or
other self-similarity analysis can help for texture classification.

Also, wavelet transform is an important tool for multi-resolution analysis of an image (Chen
1998). And it can be used in texture classification (Unser 1995), too. We are also able to do
some hybrid feature extraction using wavelet transfom and fractal dimensions, for example,
(Espinal et al. 1998; Magoulas G.D. and M.N. 2000).

In addition, Support Vector Machine(SVM) is a new and promising techinque for machine
learning and pattern recognition. It provides an robust model for supervised learning by min-
imizing both empirical errors and model complexity and can be pratically used for general
classification problems.

This report starts by noticing that in (Magoulas G.D. and M.N. 2000) they used several
features of textural image, including fractal-based features, for classification using Neural Net-
works(NNs). Since SVMs are also able to do supervised learning similar to what NNs can do, I
follow the way to extract fractal-based features, encode them as SVM input and do the classifi-
cation. Also, I think of another set of fractal-based features using the raw data for calculating
the fractal dimension of an image.



In Section 2, I will show some background knowledge on fractal dimensions, wavelet trans-
forms, and SVMs. Then in Section 3, methods and results of my experiments are written,
followed by a short conclusion in Section 4.

2 Background

2.1 Fractal Dimension

In our textbook (Barnsley 1993), the definition of fractal dimension D is as follows:

Definition 2.1 Let A € H(X) where (X,d) is a metric space. For each € > 0 let N(A,¢€) be
the smallest number of closed balls of radius € > 0 needed to cover A. If

. In(N(A,¢))
D= ll—rg(l) In(1/¢)

exists, then D is called the fractal dimension of A.

In practice, fractal dimensions are calculated in several different ways to measure the number
N (A, e). Also, since it is not able to calculate on infinitely many e values, we can only obtain
a fixed number of (N (4,¢€),€) pairs, take their In values, and the minus of slope using linear
regression on these values is treated as fractal dimension.

In this report the fractal dimension of an image is calculated by the method called Differen-
tial Box-Counting (DBC) suggested by (Chaudhuri and Sarkar 1992). In (Conci and Proenca
1998), it is explained and implemented in more detail. Here I briefly discuss as follows:

For grey level 2D images, it can be viewed as a 2D surface in Euclidean 3D space having
x,y directions as the rows and columns of the image, and z direction as the grey level of the
pixel. The fractal dimension in DBC method is given by

(1)

where N, is counted in a different manner from the other box-counting methods. Consider
the image of M x M pixels has been partitioned into grids of s x s pixels and scaled down to
r=s/M < 1. If G is the total number of gray levels and let s’ = G - s/M as the number of
gray level units in z-direction of each box. Partition the 3D space into these boxes and we get
columns of boxes of size s X s x s’. For example, in Figure 1, we can assign number 1,2,---n
to the boxes. If the minimum gray level of the image in the grid (i, 7) falls in box number k&,
and the maximum gray level of the images (7, ) grid falls in the box number / , then in DBC
approach, the thickness of the blanket covering the image surface on the grid (i, j) is:

nr(iaj):l_k+1’ (2)



ﬂo;//v)';//ﬁay;;:f Image Intensity Surface
7 Y

i Image Plane

-

1
(
H L
p Fw e e e " al
el [;F '[fl‘ TR R i
- - b FF FTF
[ [
R - R U e A
TeI T T Hok] Telel T et
T Tz ! Tz Tz
z - E E
== -k Ao R
- . z z

Figure 1: Illustration of the DBC method

and N, is defined as

1<i<M/s,1<j<M/s

N, is counted for different values of s. Then using (1), FD can be estimate from the least
squares linear fit of log N, against log(1/7).

Practically, in (Conci and Proenca 1998) they suggest that M is a power of 2 and s are
also powers of 2. For example, choose M = 128, then for an M x M x 256 image, where 256
is the grey level, we can use boxes of size 1 X 1 x 2,2 x 2 x 4,---,64 x 64 x 128 and calculate
the values of N, for these boxes. Then linear regression can be used to calculate FD.

A detailed example is as follows: Figure 2 represents an 256 by 256 image with grey level 0
to 255. The N, values are listed in Table 1. In Figure 3 we can get by least square regression
that

log(N,) = 2.7821og(1/r) + 0.1618 (4)

So the FD of the image is approximately 2.782.

However, for a textural image, it is possible that two images of different texture and different
optical appearance have the same fractal dimension. Thus, the discrimination capability of the
fractal dimension, in come cases, is problematic. A method purposed in (Karayiannis Y.A.
1995) computes fractal dimensions in a wavelet decomposed image. In the next subsection I
introduce the wavelet transform to decompose the image we need.



Figure 2: An example image

log(N;) log(1/r)
128 5.835174183 2.10720997

1/r

684186

1.806179974
1.505149978
1.204119983
0.903089987

1.806179974 0.602059991

5.255270092
4.461318409
3.609274172

179999 64
28928

4067

512

64

32
1
8
4
2

6

2.709269961

0.903089987  0.301029996

Table 1: The calculation of FD for Figure 2



Figure 3: The graph of Table 1

2.2 a elet rans orm

The basic idea of wavelet transform is to represent the time domain signal by wavelets, where
wavelets are functions generated from one single function , called the mother wavelet, by
dilations and translations:

It is beyond the discussion of this report for the characteristic and the constraints that the
mother wavelet needs to satisfy. For our view, is the scaling factor denoting the resolution
of the signal that we want to see at some stage, and is the time localization of the wavelet.

From (Antonini et al. 1992) we know that we can represent the signal by wavelets . Let
= 43, =ngg,and =, the wavelet decomposition is:
-y O
A multi-resolution analysis by wavelet transform is able to calculate the  from signal
1, at the th stage. And leave a lower resolution information in . This is done by
doing inner-product between the signal 1, and the wavelets at that level to get
and by scaling the signal using function to get . Another way to call this transform is
to transform the signal with two filters, called , the high-pass filter, to get =~ , and , the

low-pass filter, to get

, "



A detailed formula for wavelet decomposition algorithm is

Here =(-1) 1 and  is associated with the scaling function which is not listed here.
The reconstruction formula is

()= () + ()

However, these formulas require orthonormal wavelet bases, which may not exist or may be
few under some other constraints(For example, the only symmetric one is the Haar wavelet).
In practice biorthogonal wavelet bases are used, and thus the formulas need to changed:

(1.
—
s L
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—
—
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The following is a brief proof about the transform and the inverse transform formulas.
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we can get

and

T eo e 2. Inverse ransform  he values

can be used to successfull reconstruct
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:Z 1, )Z +(=1) 1 1
For k such that k — 1 =2 +1isodd,so (—1) = —1, we can get

:Z —Z 1 1
ZZ 1—2 1 1 1
:Z 1_2 1 1 1

= Z 1= Z s 1 s by letting s = (t+1-n+1)

S
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And for k such that k —1 =2 iseven,so (—1) =1, we can get

= + Z s 1 s 1 by letting s = (t+1-n)

= by letting p = (n-2t-1)

=0 by (10)

So

= 1,()

Throughout this report I use the wavelet filters as listed in Table 2 which is suggested by
(Antonini et al. 1992, Table II) for wavelet transforms of images. Note that I scaled and
differently from (Antonini et al. 1992) for energy conservation when decomposing images.
Also, our previous discussions are based on 1D signals. For a 2D image, the wavelet transform
can be taken once by row and once by column, respectively. So there will be four sub-images
after one stage of decomposition.
Note that the formulas all deal with infinite signals. For an image with finite size, we
can use mirroring or periodic construction to extend it to infinite signals. For example, if the
finite signal is from A 0 to A 3, periodic construction is to let Ak = Ak mod 4 for all k.

11



n 0 1 2 3 4
0.602949 0.266864 —0.078223 —0.016864 0.026749
/2 0.557543 0.295636 —0.028772 —0.045636 0

Table 2: Filter Coe cients for Wavelet Transform

Figure 4: Wavelet transformed image of Figure 2

Throughout this report I use periodic construction. An example for the image in Figure 2 that
is 2D-filtered once by wavelet transform is in Figure 4.
2. ort ector ac ine

The support vector machine is a new and promising technique for classification. First we can
consider the classification of two classes of data. Given the training set with vectors, which
is represented as (y;, z;), where y; € —1,1 , the classification result, and z; € , the feature
vector with dimension d. The hyperplane that seperates two group of data can be formulated
as

z+ =0, (14)

where € is the normal vector of the hyperplane, and is the bias from the origin. In the
two-class classification problem, the hyperplane must satisfy the constraint

vi( zi+ ) L (15)

This constraint implies that the distance between the margins is —. We want to seperate the
data of maximum margin to minimize possible test errors. So we can solve the optimization

12



problem with the ob ective function

1
in - 16
min 5 (16)
In practice, the classifier needs to accept the soft margin constraint. The constraint of the

hyperplane (15) can be extended as
v it ) 1- . (17)

It means that SVMs allows some data to violate the hard constraint (15) by add the slack
variable ;. The reason to use the soft margin is:

1. In some case, there exists no hyperplane that can completely seperate the data. Using
the soft margin can deal with the unsolvable case to find a fesible solution.

2. Using soft margin may find the smoother seperating hyperplane, that is, generating the
model with more generalization property.

However, if we only extend the original constraint (15) to soft margin without modify the
ob ective function, the result of the hyperplane will be too flat, that is, = 0. Because the
optimal process can arbitrary lower  without violating the constraint (17) by enlarging ;
without pain. Because larger indicates the more possibly of misclassifying, the penalty term
should be added to the ob ective function. The cost of enlarging slack variable can be written
as

Z i (18)

!

Now the ob ective function is operated under the push-pull force mechanism. Decreasing of
may cause the increasing of . The weight of both against force is determined by C, the cost
function parameter. It can be set by user according to the characteristic of the dataset.

From (16) (17) (18), we can represent the SVM as the minimization problem:

) 1
min 5 + le
7

v mit+ ) -

b ect t
sub ect to i 0

, for all ¢

Also, we can introduce a mapping that maps the training vector z to a higher dimension.
This allows nonlinear classification in the original space. However, the high dimensionality of

13



(z;) makes it hard to directly solve the original problem. Hence we can solve it in the dual
space, the dual problem is from (Vapnik 1995)

.1
min — —
2
0 i i=1,...,, (19)
y =0,
where is the vector of all ones, is an by positive semidefinite matrix. And ;;
viyj (@i, zj) where (z;,z;) (i) (z;) is the kernel. The requirements for kernel mapping

is beyond the purpose of this report. We only state that the BF kernel of the form
(24, 25) =
is a widely used kernel with (z) as a mapping to infinite dimensional space.
Note that the binary case can be extended to multi-class case through combinations of
binary classifiers. ne of the most famous way is to use binary classifiers between each

pair of class if there are  classes. Then voting is used to determine which class a sample
belongs to. This is called one-against-one strategy and will be used throughout this report.

xperi ent

The experiment uses LIBSVM (Chang and Lin 2000). A tool that can do multi-class classi-
fication with one-against-one strategy, and also do cross validation. The original image from
Brodaz (Brodatz 1966) contains ten greylevel textures and each is 256 by 256. riginally 128
by 128 subimages with a training set of size 1600 and test set of 160 where ten classes are
equally distributed is used for our experiment. But soon I found the models over-trained, that
is, the model is too complicated for pratical use since the subimages are too big and too many
training examples are given. So instead, the following result presents 64 by 64 subimages where
the training set contains 10 subimages from each class, and the testing set is another 10 subim-
ages from each class. Another experiment is conducted using 20 subimages from each class for
training, and another 20 for testing.

There are some parameters of SVM that need selecting. Two most important parameters
are  which is for misclassification penalty, and to ad ust the nonlinear mapping. I set the
range of from 0.01 to 10, increase by multiplying 10, and the range of  from 1 to 1000,
also increase by multiplying 10, based on experience on using SVMs. Generally we use cross
validation to select the best parameter set, then we do the testing. Here a leave-one-out kind
of cross validation(or we say 400-fold) is used, which has an expected error rate equal to the
original problem.

I conduct three experiments, using three sets of fractal-based features, as follows:

1. Using only the DBC dimension of the original image, as shown in (1), however, both the
result of the slope and the linear term after least square fit are coded as features. This
results in a feature vector of length 2.

14



2. Use the wavelet decomposition for two stages to translate the image into 4 subimages of
width 1/4, and 3 subimages of width 1/2. And use calculate the slope and the linear
term of each image as in 1. This results in a feature vector of length 14.

3. Encode each of the number N, that are used to calculate the DBC dimension as features,
which results in a feature vector of length 5.

The results of the three experiments are in the following Tables 3-5, and Tables 6-8, which
are results for different training testing set sizes. The bold face in the table indicate the best
parameter set chosen by cross validation. We can see that the first set does not perform
well, especially on cross validation. The second set, which is similar to those presented in
(Magoulas G.D. and M.N. 2000), is a very good set of feature that perfectly seperates each
class of texture. The third, which is the way I proposed, is not as good as the second set, but
is also is reasonably good in some parameter combinations.

Note here that the second set requires a lot of computation, including wavelet transforms,
and seven times of fractal dimension calculation. But the third set requires only one time
of fractal dimension calculation. Hence the result shows that we may prefer using the newly
proposed set of feature for the texture classification problem.
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Figure 5: The data used in experiments(1 to 6)
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Figure 6: The data used in experiments(7 to 10)
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Table 3:  riginal Image Fractal Dimension Features (Each class: 10 for training, 10 for testing)

C gamma | Cross Validation Testing
1 0.01 0.000 69 (69 100)
1 0.1 7.000 69 (69 100)
1 1 33.000 75 (75 100)
1 10 81.000 81 (81 100)
10 0.01 8.000 69 (69 100)
10 0.1 31.000 78 (78 100)
10 1 82.000 83 (83 100)
10 10 89.000 90 (90 100)
100  0.01 31.000 78 (78 100)
100 0.1 82.000 84 (84 100)
100 1 90.000 90 (90 100)
100 10 90.000 92 (92 100)
1000 0.01 82.000 84 (84 100)
1000 0.1 2. 1

1000 1 2. 2 21

1000 10 87.000 91 (91 100)

Table 4: Wavelet-decomposed Image Fractal Dimension Information (Each class: 10 for train-
ing, 10 for testing)

C gamma | Cross Validation Testing
1 0.01 0.000 92 (92 100)
1 0.1 67.000 94 (94 100)
1 1 93.000 95 (95 100)
1 10 15.000 60 (60 100)
10 0.01 72.000 95 (95 100)
10 0.1 93.000 96 (96 100)
10 1 92.000 94 (94 100)
10 10 25.000 63 (63 100)
100  0.01 94.000 96 (96 100)
100 0.1 95.000 94 (94 100)
100 1 92.000 94 (94 100)
100 10 25.000 63 (63 100)
1000 0.01 . 1

1000 0.1 95.000 94 (94 100)
1000 1 92.000 94 (94 100)
1000 10 25.000 63 (63 100)
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Table 5: riginal Image N, Information (Each class: 10 for training, 10 for testing)

C gamma | Cross Validation Testing
1 0.01 0.000 77 (77 100)
1 0.1 21.000 81 (81 100)
1 1 88.000 93 (93 100)
1 10 94.000 94 (94 100)
10 0.01 21.000 77 (77 100)
10 0.1 90.000 93 (93 100)
10 1 95.000 96 (96 100)
10 10 92.000 94 (94 100)
100 0.01 90.000 93 (93 100)
100 0.1 . 1

100 1 93.000 96 (96 100)
100 10 92.000 94 (94 100)
1000 0.01 . 1

1000 0.1 95.000 96 (96 100)
1000 1 93.000 97 (97 100)
1000 10 92.000 94 (94 100)

Table 6: riginal Image Fractal Dimension Features (Each class:

20 for training, 20 for testing)

C gamma, | Cross Validation Testing
1 0.01 0.000 66 (132 200)
1 0.1 23.500 66.5 (133 200)
1 1 49.000 81 (162 200)
1 10 87.000 91 (182 200)
10 0.01 23.500 66.5 (133 200)
10 0.1 52.000 81.5 (163 200)
10 1 85.000 92.5 (185 200)
10 10 89.000 94 (188 200)
100  0.01 51.500 81.5 (163 200)
100 0.1 84.500 94 (188 200)
100 1 88.500 94.5 (189 200)
100 10 89.000 95 (190 200)
1000 0.01 84.500 94 (188 200)
1000 0.1 88.000 94 (188 200)
1000 1 . . 1 2

1000 10 88.000 93.5 (187 200)
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Table 7: Wavelet-decomposed Image Fractal Dimension Information (Each class: 20 for train-
ing, 20 for testing)

C gamma, | Cross Validation Testing
1 0.01 32.000 94.5 (189 200)
1 0.1 92.500 98 (196 200)
1 1 . 98.5 (197 200)
1 10 55.000 74 (148 200)
10 0.01 93.500 98.5 (197 200)
10 0.1 . 1 2

10 1 97.500 98.5 (197 200)
10 10 59.000 78 (156 200)
100 0.01 . 1 2

100 0.1 . . 1 2

100 1 97.500 98.5 (197 200)
100 10 59.000 78 (156 200)
1000 0.01 1 2

1000 0.1 . . 1 2

1000 1 97.500 98.5 (197 200)
1000 10 59.000 78 (156 200)

Table 8: riginal Image N, Information (Each class: 20 for training, 20 for testing)

C gamma, | Cross Validation Testing
1 0.01 4.500 74 (148 200)
1 0.1 41.500 87.5 (175 200)
1 1 91.500 94 (188 200)
1 10 92.000 94 (188 200)
10 0.01 42.500 87 (174 200)
10 0.1 90.500 94 (188 200)
10 1 92.500 96.5 (193 200)
10 10 93.000 95 (190 200)
100  0.01 90.500 94 (188 200)
100 0.1 93.000 96.5 (193 200)
100 1 . 1 2

100 10 89.000 92.5 (185 200)
1000 0.01 93.000 96.5 (193 200)
1000 0.1 93.500 97 (194 200)
1000 1 91.000 96.5 (193 200)
1000 10 86.500 91.5 (183 200)
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Conclusion

In this report, I have done a lot of reading on what people have done about texture image
classification using fractal-based features and wavelet transform. The most di cult part in
this work is the study of wavelet transform, which is a totally new field to me. It is interesting
that my novel thought to encode box-counting sequence as features can work well on texture
classification. Although I have done many other experiments including different number of
features and different size of training sets, I only list one part of the results here. It is still a
further research problem to see if other fractal-based features can be practically for the texture
classification problem.
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