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Financial Model Calibration Using Consistency Hints

Yaser S. Abu-Mostafa

Abstract—We introduce a technique for forcing the calibration  in Fig. 2. Using the parameter values from the two calibrations
of a financial model to produce valid parameters. The technique of Fig. 1, we computed the market volatility implied by these
is based on learning from hints. It converts simple curve fitting parameters. When the hints are used, the volatility is in almost

into genuine calibration, where broad conclusions can be inferred . . . . .
from parameter values. The technique augments the error function perfect agreement with the historical value it is meant to predict.

of curve fitting with consistency hint error functions based on the When the hints are not used, the volatility is completely off. This
Kullback—Leibler distance. We introduce an efficient EM-type op-  contrast could not have been detected by comparing the two fits
timization algorithm tailored to this technique. We also introduce  of Fig. 1, on which the calibrations were based.

other consistency hints, and balance their weights using canonical Hints were first introduced in the context of neural networks
errors. We calibrate the correlated multifactor Vasicek model of in-

terestrates, and apply it successfully to Japanese Yen swaps market[l] _tO reduce overfitting, which results from havir_19 too many
and U.S. Dollar yield market. weights [12]. Such redundancy allows the learning algorithm

. . i __ to fit idiosyncrasies of the training data that have nothing to
Index Terms—Canonical error, computational finance, consis- d ith the f tion being | d | ist . librati
tency hint, cross entropy, EM algorithm, financial engineering, in- owl .e un(; lon being ,e‘f“me - INCONSIS encylln C,a' ration
terest rates, Kullback—Leibler distance, model calibration, multi- 1S @ manifestation of overfitting, too. As we saw in Fig. 1, we
factor models, optimization, overfitting, Vasicek model, volatility ~can fit the same set of market data with different sets of param-
term structure. eters, some consistent and some not. This means that the pa-
rameters are redundant, and therefore susceptible to overfitting.
|. INTRODUCTION Since hints must always be valid properties in the context they

o ) ) ) ~ are used, they will steer the fit toward the more consistent solu-
HE calibration of a financial model is the process of tuningq,

the model parameters to fit market data. Unlike the param-The calibration of complex models is more prone to over-
eters of generic learning models such as neural networks, #ing than that of simple models, since complex models have
parameters of financial models correspond to economic andrfipre parameters that can be exploited in the fit. Without tech-
nancial quantities. For instance, they might correspond to thgyues such as consistency hints, complex models may have to
volatility of a given market, or to the steady-state interest ratge ayvoided altogether because of this drawback. However, these
These semantic aspects of the parameters are often lost indg@plex models are needed to explain the behavior of finan-
process of “curve fitting.” We may end up with a good fit thagia| markets more accurately. For instance, multi-factor interest
nonetheless assigns improbable or contradictory values 10 fig models are more realistic in representing the behavior of in-
parameters. For instance, we may fit the prices of bonds vgtest rates than single-factor models. Consistency hints impose
well, only to find that a volatility parameter in the formula isy increasingly tighter constraint on higher-order models, thus
five times what it should be. Such an inconsistency needsiQyyiating the overfitting potential proportionately.
be avoided since the plausibility of the solution depends on thepepending on the application, the use of consistency hints
plausibility of the model it is based on. may be crucial to the final results. Although the calibration
In order to force the calibration process to conform with thg concerned with fitting market data, we are not just after a
characteristics of the model parameters, we will supplementod fit, but also aorrectfit. The fit may be only a means to
with consistencyhints about these parameters. Hints [2], [3]nfer other quantities, such as the volatility of Fig. 2. The fit
are the auxiliary pieces of information appended to the data,}pay also be used to help a specific application, suctetas
help direct the learning process toward more plausible solutiogge-value tradingwhich is based on whether the model predic-
Consistency hints can have a dramatic impact on the calibign is higher or lower than the current market value. Even for
tion. A case in point is illustrated in Figs. 1 and 2. Fig. 1 showg,o equally good fits like those of Fig. 1, this prediction can be
the results of fitting market data with and without consistencyifrerent. For instance, the model prediction of the 15-year par
hints. Both fits appear to be equally good, and the hints do ngfe is higher than the market value when hints are used, but it is
seem to make a difference. However, a huge difference is shoy#ihut the same as the market value when hints are not used. If
we are going to base a trade on the model prediction, we must

have a reason to believe that one fit or the other is more credible,
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Fig. 1. The results of calibrating a financial model to swaps market data, with and without consistency hints. The two fits are virtually indigiiag(ag
Fitting swap par rates without hints. (b) Fitting swap par rates with hints.

discusses implementation issues and experimental results. SecVasicek Model

ti_on V takes a _Iook at calibrat_ion_ from a probabilistic point of .4 premise of the Vasicek model is that the evolution of
view, and provides a more principled framework for our techyierest rates in time is driven by two forces. The firstis a ‘drift’
niques, including the introduction of canonical errors. Finallyyarq a steady-state or equilibrium value of what the interest
for self sufficiency, the Appendix provides brief mathematicgle should be. The second is an injection of random movements
derivations for the main functions of the interest rate model Wgi, the interest rate as a result of the unpredictable economic
use. environment. How these two forces interact is what defines a
Vasicek model.
Il. THE INTERESFRATE MODEL Inits simplest form, the model uses a steady-state interest rate

Interest-rate models are among the more sophisticated findna speed: of converging to that steady state, and a volatility
cial models, and their calibration is quite challenging. We a “randomness level#, to describe the instantaneous interest
going to use the Vasicek model for interest rates [14], [18] agate as a functiom governed by the equation
paradigm for employing consistency hints in the calibration of
financial models. This concrete example will enable us to do a de=Fk(0 —z)dt+ odW
full derivation of the consistency hint equations and to illustrate
the numerical results using real-life data. It is fairly straightfowheredt is the infinitesimal increment in time, anf#” is an in-
ward to adapt our method to the calibration of other interest-rédtritesimal stochastic variabl&¥ is formally a Wiener process).
models that have analytic solutions, as well as to analogousThe drift element is captured by tti€6 — x) dt portion ofdz,
nancial models that deal with other markets. and indeed this term pushestowardf. If = > 6, this term



ABU-MOSTAFA: FINANCIAL MODEL CALIBRATION USING CONSISTENCY HINTS 793

8 ! ! ! ! ! ! T T !

_— historical
o theoretical .

n w L) [4,] [22] ~
T T T T T T

VOLATILITY (% rate per year)

-
T

0O é 4;- é 8 10 12 14 16 18 20
MATURITY (years)
(@)
1 T T T ; T T T T T
00k - R R R .......... T .......... ———  fpisoieal ]

0 2 4 6 8 10 12 14 16 18 20
MATURITY (years)

(b)

Fig. 2. The volatility term structure of forward rates (6 months to 20 years) corresponding to the fits of Fig. 1. (a) Historical versus theoaétigalwitiout
hints. (b) Historical versus theoretical volatility with hints. In spite of those fits being almost identical, the theoretical volatility im(gjdss violation of the
historical volatility it is supposed to predict, while in (b) they are in almost perfect agreement. Consistency hints are not used in (a), bu).used in (b

is negative, hence will drift downwards towardd, while if With this in mind, let us illustrate the more general form of
z < 0, this term is positive hence will drift upwards, again the Vasicek model. This form is called the multifactor model
towardé. The value ofc modulates the changk: that results in  because it asserts that the interest rate is not just a siragen
this drift, and hence determines the speed of converging to the above equation, but rather a superposition of sevésaif
steady stat®. The s dW portion of dz adds the random com- analogous form. Theses are the “factors,” and each of them
ponent to the interest rate.accumulates the differeatdW’s follows the same basic equation. Thus,

that occur as time goes by, but this accumulated random compo-

nent is subject to decaying adrifts toward# by virtue of the ditr, = k(0 — 2n) dt + o AW,

k(8 — ) dt term. Fig. 3 shows an evolution of the instantaneoys,, — 1 wherelV is the number of factors. The interest
interest rate under this model. o _ rater is given by the sum of these factors
The focus of this paper is not the stochastic differential equa-
tion (SDE) itself, but the functions of interest rate that are de- N
rived from the SDE. The parameters of the SDE will appear in "= Z In
n=1

the expressions of these functions (see the Appendix), and when

the functions are calibrated to market data, the values of the paThe philosophy behind having multiple factors stems from
rameters are determined. The understanding of what these tha-observation that there are different time scales for the be-
rameters signify and how they interact is important to apprecidtavior of interest rates. Some aspects of this behavior are ob-
how consistency hints come into play. served in a short time horizon (high-speed factors or lajge
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Fig. 3. Simulation of instantaneous interest rates under the Vasicek model. Two scenarios with different volatilities are presented for thdysatagestate
of 6%, and the same mean reversion speed.

and some aspects are observed in a longer horizon (low-sp¥adicek model. Lep denote the vector of all the parameters
factors or smalk,,). Each factor has its own steady-stéteand in the Vasicek/N-factor model. A market function related to
its own volatility o,,. The corresponding stochastic elementaterest rates, be it the price of a 30-year bond or the yield
dW,, are not always independent, hence there are correlatimithree-month CD, will have a theoretical value based on the
coefficientsp;; betweerdW; anddW; as part of the model pa- model that is function op, sayf(p). It will also have an actual
rameters. The model is sometimes referred to asreelated value observed in the market, sfylf the model is correct, and

multi-factor Vasicek. the value ofp is chosen properly, we would have
It is obvious that the multi-factor model provides more flex- N
ibility for fitting the data by introducing more parameters that fp) =1

can be exploited in the calibration process. Therefore, a3-factor5ince the model is not perfect, we have to settle fgi(p)

Vasicek model is more powerful than a 2-factor Vasi_cek mOd%at comes closest to the above equation. For instance, we can
By the same token, the 3-factor Vasicek model will be mo:&ck the value op that minimizes the error function
prone to overfitting, i.e., to fitting the idiosyncrasies of a par-

ticular data set at the expense of proper generalization to new Ey=(f(p) — f)2

data, because it has more resources for such a fit. This problem )

limits the number of factors that can be used in practice, evenf We have several market functionf, ..., fu, say the
if more factors are needed to model real markets. MultifactBfices of bonds of different maturities, we can minimize
models need techniques like the ones we are introducing in this M

paper to be reliably calibrated. Consistency hints constrain the Eo=Eo(P) =Y (fm(P) = fu)?

multitude of parameters in these models so as to keep overfit- =1

ting in check. The constraining is based on legitimate rules thatV

may be inadvertently violated if the calibration is done without ariations of this error measure are of course possible. We
theyhints y will refer to this error as théit error, as distinct from the&on-

sistency errotto be introduced in Section Il

o Calibrating the model to market data is the process of de-

B. Calibration termining p that minimizes the error. It is no different from
We now address how the Vasicek model is used to fit marketmputing the weights of a neural network by minimizing the

data, or, equivalently, how market data is used to calibrate teror between the network prediction and the actual data, except
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that the “weights” here are parameters coming from a financialLong-term parameters are constant with regard to the time

model. index!. Short-term state variables, denotedy, depend o
The Appendix shows howi,,(p) can be derived from the Va-
sicek model SDEs for different market functions. Once a fostate variables: =[] n=1,...,N and I=1,... L.

mula for f,,,(p) is obtained, the calibration process can proceed

without involving the SDES themselves. In our experiments, we There is a total of (N2 4 5V) long-term parametersn an
use two sets of market functions. The first set consists of par-factor Vasicek model, and a total 8fL state variables when
rates in the Japanese Yen swaps market, and the second setWgrfiave market data dtdiscrete-time instances. Hence
sists of the yield of the US Dollar for different maturities. The N

market values for the swaps and the yield can change fromdayto P = (P, Ps) hasE(N + 2L + 5) parameters

day, if not from moment to moment. Therefore, the calibration

attempts to simultaneously fit quantities occurring at different Once bothp, and ps are determined through calibration,
times, e.g., at the daily close of the market. The same notatiortleé values of the stochastic elements[] can be solved for
Jm(p) will stillwork in this case since the index = 1,..., M using the model difference equations. It is through(/] that
can refer to the same type of function but at different times, or t@nsistency will be defined.

different types of functions. As long as there is a model-based

formula for eacly,,.(p) used in the fit, no notational distinction I1l. CONSISTENCYHINTS

is needed. The calibration of a Vasicek model infers the values of the

C. Discrete Time parameterg by minimizing the error between the model-based

) _ functionsf,,,(p) and the market valueg,,. As we have shown
Ifwe callprate th? Vasicek model based on market data aVefH'Figs. 1(a) and 2(a), it is possible to attain a very small error

able at a discrete-time sequerntty < #[2] < --- < {[l] < betweeny,,(p) and f,., while creating a huge discrepancy be-

-+ < t[L], e.g., at the daily close of the market, itis helpful tq oo other model-based functions and their market values. It
view the model through discrete-time difference equations ﬂ]étconceivable that the problem is inherent, i

approximate the continuous-time SDE’

,aswe saw in Fig. 1(b) and Fig. 2(b), the Vasicek model

explicit in these difference equations has no such limitation. There is another “consistent” solution for

Azp[l] = k(8 — 2 [ A + onw, U]\/FU] the parameterp that achieves an equally good fit without the
’ o ’ - discrepancy. Indeed, the redundancy of the paramptarshe
forn=1,...,Nandl =1,...,L — 1, where expression off,,,(p) allows for several solutions, possibly in-
finitely many. Some of these solutions are consistent, and some
Atll] =tll+1]-¢l] 1=1,...,L-1 are not. How do we make sure that the calibration process picks
Azp[l] = 2o [l + 1] — 2, [{] I=1,...,L—-1 and a consistenp? To answer this, we first need to spell out exactly
n=1,...,N. what it means fop to be consistent.

The stochastic elements, [I] are normally distributed with A. Consistency

zero mean and a covariance given by The criterion for consistency cannot be based merely on the

E(willlw;[1]) = pi; ability to fit many qua_ntities simultaneously, for the issue would
then be confused with the sheer power of the model. Instead,
fori,j = 1,...,Nandl = 1,...,L — 1, with p;; = 1. consistency would reconcile the roleppfs generic parameters
Eachw,[(] is independent of all the others with differdnThe inaformulaf,,(p) used for fitting, with their role as meaningful
instantaneous interest ratés given by guantities in the basic equations that gave rise to that formula.

In doing so, it produces parameters that stand the best chance of
fitting other functions that can be legitimately derived from the
same set of basic equations.
Let us see how this applies to the Vasicek model. Consider
Numerical simulations of the Vasicek model, such as the ofife basic equation of the discrete-time version
used to generate Fig. 3, are based on this discrete-time version.
The discrete model spells out the paramefetbat go into Az [l] = k(6 — 2 [[DAL] + onwa[l]v/ At
the calibration process consists of long-term parameters or
constants, and short-term parameters or state variables. Thafter the calibration is done, one can substitute the values
long-term parameters, denoted py, are of the fitted parameters in the above equation and solve for the
) “implied” w,[{], i.e., the particular realization of the stochastic
speeds of mean reversionk,,  n=1,...,N elementsu, [I] that must have occurred to generate this fit. How-
steady-state meansyt, n=1...,N ever, there are basic assumptions about the statistics|¢jfthat
N were utilized in deriving the,,,(p) functions used for the fit. If

~
)=zl 1=1,....,L and n=1,...N.
n=1

volatilities: o, n=1,...,
correlations: p;; t,7=1,...,N. 1Countingp;, foronlyi > j sincep;; = 1 andp;; = p;.
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Fig. 4. Histograms and scatter diagrams of the implied stochastic elements from a calibration without consistency hints. The superimposedttoairves ar
theoretical density and the, 2o, and3o contours that the sample is supposed to follow, but grossly violates.

the impliedw,, [{] do not satisfy these assumptions, the fit is inthe histograms and scatter diagrams:qf] without the hint.
consistent with the model it is based on. This leads us to tAéso shown are the theoretical curves of where things should be
following rule. according to the assumptions of the model. Fig. 4 corresponds

to the fit of Fig. 1(a), and it is interesting to see how such a le-

Consistency Hint: The stochastic elements implied by thgimate-looking fit has the hidden gross violation of statistics
fit should obey the statistical assumptions of the model. depicted in Fig. 4.

This rule enforces the desired property at the level of theFig. 5 shows that the histograms and scatter diagrams are far
building blocks of the model. The consistency of other “highdyetter behaved when the hint is used. These correspond to the
level” functions will follow suit, since they are derived fromfit of Fig. 1(b) and the volatility term structures of Fig. 2(b).
these building blocks. Indeed, the discrepancy of Fig. 2(a) cAs we argued, the higher-level functions in Fig. 2 inherit the
be traced back to a violation of the consistency hint. Fig. 4 showsnsistency of the basic model.
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Fig. 5. Histograms and scatter diagrams of the implied stochastic elements from a calibration with consistency hints. The superimposed eudhezz etiedh
density and the, 20, and3o contours. Compared to Fig. 4, the theoretical distributions are largely followed.

B. Entropy Measure The Kullback-Leibler distance has the property that
K (p|lg) > 0 with equality if, and only ifp = ¢. It can serve as
To formalize the consistency hint, we need to quantify thgn “error function” to be minimized in order to matgpho q.
agreement/disagreement between the distribution of the implied_et w(l] = (w1 [l], w2[l],...,wx[!])T (column vector), and
wy[[] and the distribution of the theoretical, []. One obvious et p(w) be the pdf of the impliedv[l]2 and¢(w) be the pdf
way of doing this is by measuring the Kullback-Leibler distancef the theoreticai[l]. While ¢ can be written explicitly as a
K(p|lq) [9] between the two distributions. Given two probaGaussian in terms of the model parameteris not explicitly
bility density functions (pdf's)p(w) and ¢(u), K(p|l¢) is de- known. It is only represented by a sample (the implief];
fined by I =1,...,L —1thatp ‘generated’). To evaluat& (p||q), we
can employ density estimation techniques [17] to gethen

_ p(u) 2Assuming the impliedw|l] are identically distributed for differerit like
K(qu) B /p(u) log q(u) du. their theoretical counterparts.
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evaluate the integral. Alternatively, we can try to estimate thke statistics of the initial state, we start from the integral equa-
integral directly from the sample. We can rewgite tion for the continuous-time,, in the Appendix

K(plla) = / (w )10g dw / log dw. Tp(t2) =z (t1)e P27 6, (1 — ehn(l2=h)y

t2
) ) +ope” ”tz/ T AW, (7).
The first term is thecross entrop;betweerp andgq, and the ty

second term is thentropyof p. Since the form ofp is un- Substituting; = —oo andt, = ¢ (the initial time), we get
known, we use the maximum-entropy principle [16] to estimate

the second term. If is the covariance matrix gf, the max- e 5 ks

imum-entropy value of p(w)log(1/p(w)) dw occurs wherp n(t) = On + one /_Oo T AW (7).

is Gaussian. We evaluate this integral and further reduce the ex-
pression ofK (p||q) to* Therefore, the initiak,, are jointly Gaussian with mean

E(z,) =10,
5 (1os1D+ [ ptw) Q@ wyaw — tou( ) - ) |
and covariance
where| - | denotes the determinar, = [p;;] is the covariance E((wi — 0;)(; — 0,)) = 0i0;Pij
matrix of ¢ (p;; come from the Vasicek model), ard is the / ki +k;
dimension ofw (the number of Vasicek factors). To estimat% - . .
the remaining integral, we use the sample average y an argument similar to that in the Appendix.
' x[1] together withw(l]; I = 1,..., L — 1 determine all the
= state variables of the model by induction. Sixgé] is indepen-
71 Z wll]f @~ wll] dent of w[l], consistency would also require that the implied
=1 x[1] be reconciled with the model statistics. Defining consis-

tency forx[1] is more problematic than fox[l], since we have
& single impliedk[1] as opposed ta—1 implied elements in the
case ofw([l]. One definition is based on maximizing the value
of the pdf, which results in the hint error function

and to estimatéP|, we use the sample covariance matix
of wli; I = 1,...,L — 1. Hence, we get the entropy-base
expression

2 <10g<|Q|> ~log([S]) N+ 7 ; w[l]TQ‘lw[l]> Ex = log(S]) + (x[1] - )75~ (x[1] - ©)

where® = (6,...,05)%, and S is the covariance matrix
as an estimate foK (p||q) that can be completely determinedo;a; pi;/k: + k;]. Another related definition drops thex(|S|)
from the model parameters. Dropping thewe arrive at our term from the expression df.. This version measures how far

first consistency hint error function the initial state is from its expected value, in units of variance
along each coordinate.
E = 108‘(|Q|) — log(|X]) - The three errorsEy, E;, and E, are merged to create a
L-1 single objective functionE(EO,El,EQ) to be minimized.
Z ]TQ_ U E(EO,El,EQ) can be a simple weighted sum #%, £; and

=1 E,, as we used in the experiments of Section IV, or can be a

which becomes part of the overall objective function togeth8#0re principled combination as discussed in Section V.

with the fit error £y. Notice thatF; is an “optimistic” estimate,

since the actual entropy pfmay not be as big as the maximum- IV. IMPLEMENTATION

entropy estimate. Notice also that finite-sample variations may|n this section, we address the practical aspects of calibra-
drive the value of; slightly negative (Fig. 10(a)) in spite of tion using consistency hints, and discuss experimental results

K(pl|g) being strictly nonnegative. for Japanese Yen swaps and US Dollar yield data.
C. Initial State A. The Algorithm

The error functiont; quantifies the consistency of the sto- Let¢[1] < #[1] < --- < #[L] be the calibration window,
chastic elementsv[l]; / = 1,...,L — 1. In addition tow[l], i.e., the times when market data are available, and,letm =
there is another stochastic element in the Vasicek model, whigh . ., A, be the market data. The calibration algorithm deter-
is the initial statex[1] = (z1[1], z2[1],...,zn[1])?. Theinitial mines the values of the parametprthat optimize the objective

state is stochastic because it accumulates all the stochastic ®igetion E( Ey, E1, E>). First, we describe how the algorithm

ments that happened frotn= —co until ¢ = ¢[1], the earliest evaluates for a givenp, then we turn our attention to opti-

time in which market data is available for calibration. To findnization.

3We use a simplified notation for the multiple integral. P CONSists of Iong-term parametess, namely the Vasicek
4Throughout the paper, we use standard properties of Gaussian d|str|but|89§5tant$"’ O, n, Pijs and short-term parametgss, namely

[6], [8], [10], [11]. the state variables,,[]. leenpﬁ andps, we can evaluate the

5An efficient estimator ifw[{] are statistically independent for differént ~ market functionsf,,,(p); m = 1,..., M using the formulas
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TABLE |
Specifications of the Data
JPY Swaps USD Yield
Dates 11/27/96 - 3/20/98 1/1/84 - 12/31/88
Calibration Window size 343 trading days 1247 trading days
Maturities in years 0.5,1,2,3,5,7,10,15,20 0.25,0.5,1,2,3,5,7,10,30
Average Interest Rate 1.78 % 873 %
Market Conditions crisis®, non-trending normal, trending
derived in the Appendix. Therefore, we can evalualg = In spite of having no guarantee of convergence (since the two
S M (fm(p)—fm)?. To evaluate;, we need the implied sto- steps have different objective functions), the algorithm works
chastic element&/[l];/ = 1,...,L—1. We can solve fow,,[I]; well in practice. It usually reaches a good valueffn less
l=1,...,L-1,n=1,...,N,intermsofz,,[{];{ =1,...,L, than 20 iterations of steps 1 and 2.
n=1,..., N, using the Vasicek difference equations. We get Since the values d,, o,,, p;; are constrained by the model

tion in question is a constrained type. However, the constraints
can be enforced by defining, in terms of another variable,
(ol + 1] = 2n[l]) = kn(6n — za [+ 1] — ¢[1])  @Se™ of K2 + ¢ by absorbing the sign af,, in p;;, and by
wy[l] = e adding a penalty term if any eigenvalug pf;] becomes smaller
ony/Hl+1] =] thane. Within few iterations, the solution usually steers clear of
the penalty area.

(kn > 0,0, > 0, and[p;;] is positive definite), the optimiza-

To evaluateZ,, we use the initial state,[1];n =1,...,N.
Finally, Eqy, F, and E are substituted into the expression for .
E(Eo, Er, E»). We thus have evaluateid as a function op. B EXperimental Results

For optimization, since? is highly nonlinear inp, an iter- We ran the calibration algorithm with and without consis-
ative method such as conjugate gradient [7] is employed. Tg#Cy hints on two sets of interest rate market data, the Japanese
gradient off is needed for such a method, but a numerical gr¥en swaps and the US Dollar yield. In both cases, we calibrated
dient can be used. At every iteration, the gradientafith re- @ 3-factor Vasicek model on daily market data, using the market
gard to all parameters is evaluated. This creates a computatigh@se values for nine different maturities of swaps and yield.
bottleneck, since a typical calibration may have more than 1008ble Fcompares the two data sets.
parameters. The goal of these experiments is to asde®® consistency

A closer look at the functional dependencies reveals that théts affect calibrationrather than to evaluate the calibration
errors and parameters can be organized into two Categorf@§,th0d itself, the Vasicek model, or the optimization algorithm.
leading us to a more efficient, EM-type optimization [5]Figs. 1, 2, 4, and 5 in the previous sections show the results of
The short-term parametess are handled separately fromthe JPY swaps experiment. We now present additional results

the long-term parametegs,, and the fit errorE, is handled from the USD vyield experiment.
differently from the hint errorsE; and E». The algorithm  Fig. 6 shows the time evolution of the three state variables of

works as follows. the Vasicek model when the USD vyield calibration uses consis-
Initialize p - to a fixed value, and initialize the correspondindncy hints. Also shown is the theoretical range within which
ps by minimizing E,. Repeat the following two steps: these variables should (and do) evolve. In contrast, Fig. 7 shows

o A . . the case without the hints. The state variables are in gross vio-
1) Minimize E(Eo, Er, Ep) with regard tope, while |,u00 o the range they should lie within.

5 r'\l/lqld_mg pSEcons'E[ant. hile holdi tant Fig. 8 shows the time evolution of the instantaneous rate for

) Minimize Eo w.r.t. ps, while holdingp, constant. 0 \ygp yield, with and without the hints. In spite of the two

i In §t§p 1'_ the_state v_anables are fixed, and the objective funGyipated models being quite different, the instantaneous rates
tion _E Is minimized with fegaf‘_’ to the Iong-term pargmeter&re similar, since they affect the value of the yield and we are
(12 in total for the 3-factor Vasicek used in our experimentS)ging the same yield data in both cases. The situation is analo-
Step 2, as well as the initialization step, minimize the fit ermqf,, 'tq Figs. 1 and 2, where just looking at the two fits would
Ey only. The functionf,,(p), which is the main ingredient of )+ reyeal the fundamental differences between the underlying

Eo, depends on the long-term parameters and 8nlate vari- 1, qels hut these differences result in vastly different volatility
term structures.

ables (those corresponding to tij§, when the data point,,
is observed). Therefore, for fixed long-term parameters, eaChFinaIIy, we show the impact of enforcing consistency hints
on the quality of the fit. It is conceivable that the hints may

termin the sunEo = S°¥_ (f,.(p) — fm)? can be minimized
separatelywith regard to onlyN' variables {V = 3 in our x- gy ificantly constrain the fitting of the data, and a much worse

periments). Notice that, while the total number of parameters

grows with the size of the calibration windoly, the number

of parameters to be optimized at one time using this algorithMsrye gnset of the Asian crisis in 1997 inflated the short-term rates by what
does not change, which allows the computation to scale wellwas called the “Japan premium.”



800 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 12, NO. 4, JULY 2001

FIRST STATE VARIABLE

n n 0
o W [«

VALUE (in annualized %)
@

10
5
0
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time (in years)
SECOND STATE VARIABLE
10

o

VALUE (in annualized %)
&

i
-
o

-15 '
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (in years)
THIRD STATE VARIABLE

5 T ! ! ! ! ) T ) )

VALUE (in annualized %)
o

L L L
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time (in years)

|
[$,]

Fig. 6. Time evolution of the state variables in a 3-factor Vasicek model calibrated to USD yield data with consistency hints. The ‘bubbles’3shoante
within which the evolution should take place.

fit error would result. However, as we see in Fig. 9, the impachoices that would otherwise be made in a heuristic way. In
is negligible in this case. particular,
1) it will provide a rationale for the relative weight between
the fit error and the hint errors in the objective function;
2) it will enable us to bring other consistency hints, as well
V. STATISTICAL INTERPRETATION as a prior condition, into the picture;
3) it will provide a methodology for standardizing the dif-
In this section, we put calibration in a statistical framework. ferent error measures, i.e., converting them to the same
This will provide a more principled way of making certain “units.”
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Fig. 7. Time evolution of the state variables in a 3-factor Vasicek model calibrated to USD yield data without consistency hints. The “bubbles3strawgh
within which the evolution should have taken place, but did not.

statex[1] and the stochastic elementgl]; I = 1,..., L — 1.
is pdf is given by

A. Probabilistic Setting

The premise of calibration is that the Vasicek model would b
valid if the parameters (long-tergy:, and short-ternps) were

properly chosen. Validity of the model means that the pdf for a(ps) = a(x[1], {w[l]})
generatingps has the form specified by the model, with = — ;e—(x[l]—G)TS‘l(x[11—®)/2
Ep, 0, 0, pi; determining the parameters of this pdf. The state (2m)N|S|

variablesz,[ll; n = 1,...,N,l = 1,..., L, which are the
short-term parametegss, aregeneratedy the pdf. We obtain
a simpler version of the pdf if we represgmt by the initial

"We usey to denote the joint pdf, and also to denote its marginal components
as in Section III.



802 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 12, NO. 4, JULY 2001

INSTANTANEOUS (SPOT) RATE - WITH AND WITHOUT HINTS
12 T T T T T T T T T

| — without hints
| e with hints

10

[+ ]

RATE (annualized %)
)

0 0.5 1 1.5 2 25 3 35 4 4.5 5
Time (in years)

Fig. 8. In spite of the sharp contrast between Figs. 6 and 7, the instantaneous rates with or without consistency hints are virtually identialntidiffaence
between the underlying models cannot be detected just by looking at these rates.

Lt 1 Wl w2 —log(probability) instead of the probability itself, we will be
<1 (T Q|‘3 minimizing the sum
=1

where@, S, and® are defined as in Section IlI. (—log P({fm}IPc,Ps))

Ideally, the correct values of the parameters would make + (—log P(ps|pz)) + (—log P(ps)).
every model functionf,,(p) identical to the market value
fim. In reality, however, the model will not perfectly match The three terms have a direct interpretation as
the data. Therefore, we must allow for some “noise” that _
separatesf,,(p) from f,.. We will view the data{f,.} as fiterror:  —log P({fn}Pc,Ps)
well as the parametegs; andps as random variables. Under consistency error: — log P(ps|p.)
this probabilistic scenario, some prior distribution generates
p.z, which in turn specify the parameters ¢f ¢ generates
ps, thenp, andps determinef,,,(p), and f,.(p) specify the
parameters for generatinfy,,. The question becomes: Given
the data, what is thprobability8 that the parameter values areg
correct? Applying Bayes rule, we get

P( [{fm}) = P({/m}IPc. Ps) PPz, Ps) B. Fit Error
P, Psifmr) = P({/m}) Givenp., ps. the model is fully specified. Therefore, we

= can calculate the function, (p) corresponding to the market

X P({f""Hp’C’pS) PP, ps) data f,,,. The fit probability F({{L)ﬂn}|p£,p5) would then pe-

(fixed data{f.}) nalize the “noise” that separatgs, from the ideal,,(p). For
= P({fm} Pz, Ps) P(ps|pe) P(pe). example, if we assume that the noise is an additive zero-mean
i.i.d. Gaussian, the fit error will be proportional to
The most probable parameter values are the ones that max-
imize the product of these three probabilities. If we work with M N
Z (fm(pP) — fm)2

m=1

prior error:  —log P(p;z).

We will discuss these terms one at a time. The above sum
rovides the proper way of combining them once they are com-
uted.

8or the probabilitydensity
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Fig. 9. The daily root mean square error in fitting the USD yield data, with and without consistency hints. With the hints constraining the fitpnieee is
negligible increase in the fit error.

which is the expression fdty in Section II. The constant of pro- is the single most “probable” solution fer[l], sinceg assumes
portionality is inversely related to the variance of the Gaussiats maximum value there. The solution is nonetheless undesir-
Thus, the relative weight between the fit error and the hint erraable, since a typical solution fox[l] would have a variety of
can be derived from assumptions about the noise level. values that reflect the Gaussian distribution (the goodness of fit
[10] seen in Fig. 5, but not in Fig. 4). If we generate a single
solution, it is likely to be of the typical variety. However, if we
actively seek a high-probability solution, we will get one, and it
The long-term parametegs; affect the consistency error di- may be atypical. The contrast between “probable” and “typical”
rectly by modifying$, @, and® in the expression of, and comes up in many contexts, most notably in information theory
indirectly when we solve for the impliedr[/] by substituting [4].
the state variables into the difference equations. The consistencwe will introduce other hint errors that also constrain the so-
error—log P(ps|p.) fixesp. in the expression of, and eval- |ution in a meaningful way. In derivingZ;, we made certain
uates— log(q(ps)). Substituting the expression gf this re- assumptions that we can exploit now to create the new hints.
duces to the initial-state errd#, plus the cross entropy part of Forinstance, the Kullback-Leibler distank&p||q) should have
E,. Therefore, even withoutimposing hirger se the Bayesian been based on the full joigt a situation we avoided because it
equation almost recreates the erréisand £, of Section Ill.  would have rendered the entjsg , ps a one-point sample, with
Hints come into play because of overfitting. In order to opro hope of creating a meaningful estimate. Working with the
timize the objective function, we pursue many combinatiomaarginalg solved this problem, but left certain properties of the
of p; andps, based on a finite set of data. In doing so, wfpint ¢ untested. One such property is thwat should be statis-
may introduce anomalies in the solution that would be very ratieally independent for different We will create a correlation
if we considered only one combination of the parameters. ®oror function that penalizes statistical dependence. Also, the
avoid such anomalies, the search needs to be regularized or @ropy part of£); was based on a Gaussian assumption about
strained. Hints provide constraints based on the properties of #ieand we will create hint errors that penalize violations of this
model. As such, they do not exclude good solutions. assumption. Finally, the entropy estimate was not sensitive to
For instance, the entropy part of the hint erfarpulls w[l]; the mean of the distributiop, and we will create a bias error
[ =1,...,L—1away fromthe solution[l] = 0. This solution that penalizeg if it has a nonzero mean. Here are the details.

C. Consistency Error
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1) Bias: The form ofq asserts thaw[l];{ = 1,...,L — 1, D. Prior Error
have zero mean. If sd’ w|i] must also have zero mean for any P(

P ) assigns a prior probability to the long-term parameters
constant. Let

P = kn, 0,00, pi;. There are reasons for preferring one set

L1 of parameters over the other in the absence of any data. Some
= 1 wll] of the reasons are the following.
L-1 =1 1) Hard constraints arising from the model assumptions such
1 it ask, > 0,0, > 0, and[p;;] being positive definite.
Y= -1 (wll] = w(wl] = w)*. 2) Economic considerations §uch as plausible values for the
=1 equilibrium interest rat§""_ 4,,.

3) Moving window calibration that allows long-term param-

Based o andX, we can define the bias error function .
L eters to change slowly from one window to the next. In

E b7y this case, the solution fqs; in the old window becomes
3 = max Joish th.e center of a concentrated prior distribution for the new
window.
which measures the normalized biassfalong the worst-case )
projection. The expression can be reduced to E. Canonical Errors
The consistency error functions that we derived have different
Es=/pTx-1, scales. Some are based on pdfs, others on measures such as en-
tropy, and others on various heuristics. Even the premise of an
which is a simple function of the implieer[l]. error function can vary. For instance, the bias error could have

2) Correlation: g asserts that/[I] is uncorrelated withv[i+  been based on a fixed projection instead of the worst-case pro-
1], among other things. If sy’ w(/] must also be uncorrelatedjection. Therefore, the values of these error functions, in the ab-
with b?'w[l + 1] for any constanb. Let solute, do not mean much. In order to combine the errors in a
meaningful way, we would like to convert them to a uniform

scale. This can be done using probability as a common ground.
U=1=2 2wl = (Wl +1] = )" Let E(p) be an error function. We only require th&tp) be
=t truly an error function, i.e., one for which larger values &f

Based or' and¥, we can define the correlation error funccorrespond to worse values pf If p is stochastic becomes

tion a random variable. In this case, we define the canonical version
E of E as follows:

E(p) = —log(Pr(E > E(p))).

which measures the normalized covariance, again along thén other words, the value d for a givenp is based on the
worst-case projection. The expression can be reduced to @&l probability of all sets of parameters for which the value of

L—2

FE4 = max
b

b Cb
bT3¥b

maximum absolute eigenvalue @t + A”)/2, where Eisnobetter tha’(p). One can view this as a hatural grouping
of the parameters induced .
A=D"WDyToyp—1/2 The definition implies thafE(p) is actually E(E(p)). In

some cases, it is possible to find an analytic formulaEQE).

with D andU being the eigenvalue matrix and eigenvector mdn other casesE(E) can be evaluated based on numerical
trix of X (UTU = I andU*SU = D). integration. If all else fails, it is possible to estim@eF) using

3) Gaussianity: ¢ asserts thatv[!] are normally distributed. Monte Carlo simulations. To do this, generate the long-term
If so, the higher order moments around the mean should be parameterg . according to the prior (or fix them at a typical
lated to the variance accordingly. For instance, the third mome#alue), and generatgs according tog, then computeZ and
that measureskewnesshould be zero, and the fourth momenhbistogram it. E(£) can now be estimated from the histogram
that measurekurtosis® should be three times the square of ththrough curve fitting. The accuracy of the fit is more important
variancé. One can define error functiorig; and E based on for smaller values oF since the real tradeoff between different
deviations from these values. errors does not take place until they are relatively small.

Together withE; and Es, the new error measurds;, F,, Fortunately, that's where more points fall in the histogram,
E5, andEg capture many aspects of the pdfThe list is by no allowing for a better fit.
means exhaustive. It is inevitable for a finite sample realizationIn general,E will be different for different/V (number of
of a pdf to have anomalies along some dimension. What we ha¥&sicek factors), and will also vary with the calibration window
done here was to develop consistency hints that penalize a &i#e, sometimes in a predictable way. Fig. 10 illustrates the
obvious anomalies that may arise with overfitting. Monte Carlo procedure for the consistency error functin

9For an unbiased version &f, a normalizing factor ot /(L — 2) instead of We use the number of faCtors and the calibration window size
1/(L — 1) would be used. ' of the JPY swaps experiment. _ _

1oKurtosis quantifies “fatness of the tail,” which is among the more vulnerable R€gardless of the range of values forthe canonicak will
aspects of the Gaussian assumption in models like the Vasicek. be greater than or equal to zero, with equality wikeachieves
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Fig. 10. Generating the canonical error versiorEQffor the 3-factor Vasicek. (a) Histogram of consistency hint error E1. A Monte Carlo simulation uses the
model to generate a histogram of the value€ef (b) Implied probability that E1 exceeds a certain level. The histogram is used to infer the probabilfy that
exceeds a certain level, and an analytic formula is fit to that probability. (c) Canonical error function for E1. Fdkingf the formula, we get the value of the
canonical error for any value df; .

its minimum possible value. The value Bfhas a uniform in- adding the canonical errors still works in practi¢eThis al-
terpretation. For instanc& = 1 always corresponds to a prob-ows us to mix all types of error measures in the same objective
ability of ¢! or 2 0.37%. function.
If we have a number of statistically independent errors, their , _ . _
Alternatively, one could define a joint version & when the errors are

Es can be .Comb”’?eq by S'_mple addition. Even W'th error§ thid; statistically independent. The Monte Carlo estimate in this case requires far
are not quite statistically independent, our experience is thadre simulations.
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VI. CONCLUSION

Calibration of financial models must conform to the assum
tions of these models. If calibration is based only on fitting the
data, it is liable to violate these assumptions. To guarantee that
this does not happen, consistency hints are introduced as con-
straints on the calibration process. The Kullback-Leibler dis-
tance quantifies the main constraint. To balance the hint error
functions, canonical errors are introduced. Consistency hints
can be implemented with an efficient optimization algorithrq:

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 12, NO. 4, JULY 2001

N

To prove this, we use the fact thatr) = >/, =,(7), and
l|3ntegrate the SDEs to obtain
N
1= Y (5n0e 0 4,0 R )
n=1

—i—rfne_k”/ ek”Sde(s)>
t

r+ > t. Therefore

They are successfully applied to calibrating the correlated mul-

tifactor Vasicek model of interest rates in the JPY swaps market

and the USD yield market.

APPENDIX |

In this Appendix, we provide the definitions and derivations
of the correlated multi-factor Vasicek model. The reader may Tn
wish to get a more detailed account of interest-rate models [14], k,

SDEs [15], and Ito calculus [13].

The VasicekV-factor model for interest rates is given by thavhere the last term resulted from integration by parts. Let us

following set of SDEs:

dwn = kn(en - .’L'n) dt + o, de n = 1, .. .,N

wherek,, > 0,0, > 0, andé,, are constants, and,,(¢) are
Wiener processes whose covariances are given by

g(dI/VZdWJ) = Pij dt where pii =1 i,7=1,...,N.

The instantaneous interest rates given by
N
)= za(h)
n=1

A. The Discount Function

The discount functioD(¢, ¢ + T") computes the value, at the

present time, of “a future dollar” at timet + T’

+T
Dt +T) = e ey

which can also be interpreted as the price of a unit bond of mg; te(
turity 7. The following expression solves f@#(¢, t + T') under

the Vasicek model

e—k;T)

D(t,t+T) = Hexp< (1-

e_"T—l
e [T+ — -
9Z< + )

+ Z OZOJ pZJ 1 — G_T(ki+kj))

B (1_Z;Tk)‘(1_Z;Tkj)+T)))-

nT)

-3 (3
kn
t+7T
(ekn(s=t=T) _ 1) de(s)>
call this last term3

(FnG=t=T) 1) AW, (s)

N o t+
=25
n=1 .

[ is a zero-mean Gaussian with variance

var(3) = 22”%%% /+T
t

=1 j=1

. (eki(s—t—T) _ 1)(ekj(s—t—T) _ 1) ds
since  E(dW;(s)dW,(s)) = pij ds, and
E(dWZ(Sl)dWJ(Sg)) = 0 for s; # So by the
properties of the Wiener processes In terms Hf since
D(t,t +T) = E(exp(— [T r , We can write

Dt t+T) = <Hexp< )(1 e~

=) e

e 7)) = /2P for a zero-mean Gaussigit. Substi-

~6, (14

tutlng

C—kiT)

D(t,t+T) = Hexp< (1—
e_kT—l

o (T+——

<+ ki )

t+T
Gi9iPij ki(s—t=T) _ 1
+ Z < ik /t (e )

(R 1) ds )) .
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Carrying out the integration results in the required expression.The VTS is defined by (¢, t + 1) = /var(dF") /dt. There-
fore,
B. Other Market Functions v

Many model-based market functions follow from the dis- V(tt+T) = ZZG—(kiJrkj)Tpi,gig,
count function. For example, the yield functidfn(¢,¢ + T') ’ e

estimates the interest rate between timasdt + 7, expected I
at timet which is constant with regard tcand does not depend on state
variables. In Fig. 2, the theoretical VTS was computed by this
Y(tt+T)= w. formula, while the historical VTS was based on the sample stan-

dard deviation of changes F(¢,¢ + T') from day to day.

The forward rate functiof'(¢,+1T') is the instantaneous rate

. . C. Discrete-Time Approximation
at timet + 1" expected at time

To derive a discrete-time version of the Vasicek model, we
consider one step in time fromto ¢ + At¢, and integrate the

—d
F(t,t+T)=—=logD(t,t+1T). SDEs to get

oT

The swap par rate is the fixed interest rate that can be evenly ;. (+ 4 At) = 2, (t)e "2t + 0, (1 — e *2%)
exchanged for a floating rate. It assumes that we are receiving

t+At
at timest + At, t + 2At, ..., t + T the return on one dollar + o R (tHAY / e AW, (s).
investedAt earlier at the prevailing interest rate at the time of ¢
investment. In return, we must pay out at the same tirreat, Rewriting z,, (t + At) — z,(¢) asAz,, and rearranging, we

t+2At, ... t 4T constant payments @At each, which can get
be thought of as simple interest on one dollar invegteaarlier

at rateR. The par rate is the value @t that would make these Az, = zp(H) (e — 1) + 0, (1 — 72

two cash flows equitable. It is denoted Byt,t + 7, At), and A t_AD

is given by +Un/t e AW, (s)
1-D,t+T which can be rewritten as

R(t,t+T,At) = Gt+T)
T/At 1 _ e—hknAt
At Z D(t,t + iAt) Az, = <T> (0r, — 20 () At + opw, (H)V At.

=1

The last term follows from the properties of Wiener pro-

For aII_ of_these functions, we can obtain a Vasicek formu@esses, withu,(#) being jointly Gaussian with zero mean and
by substituting the formula fab (¢, ¢ + T'). For instance a covariance given by

N

F(t,t+T)= Z(wi(t)e_ka —6;(1 —e7MTY) E(w;i(t)w,; (1)) = <

=1

1— C*(ki-f—kj)ﬂt
(ki + kj)At ) P
t,7=1,...,N.

N N
9i9iPij ¢ —~Th; _ —Tk; _
+ z_; z_:l < 2k k; (e 1(e 1)> ’ Furthermoreyw,, (¢) are independent for different times with
== nonoverlappingAt. This expression fon\z,, is the exact dif-
The only state variables appearing in these formulas are fRgence equation for the Vasicek modelk}fAt < 1, we can
“current states,” i.e., th& state variables:, () at the present approximate it by a difference equation similar to the SDE.
time ¢ (the time when the quantities are measured). This fact _ —
simplifies the logistics of fitting market functions to market data. Aty = k(O — 20) At + onwn VAL
The final market function used in this paper is the volatilit — — o) = pis
term structure (VTS) of the forward rate giv%n the Vasicekfowherexn = 2n(f), wn = wnlh), ANAE{wiw;) = pij. When
] ' : tiscrete time is used, we adopt the usual notation of bracketed
mula for F'(#, ¢ + 7)), if we hold 7" constant, we can write index arguments. Thus, time will be denoted #, and the
N corresponding:,, andw,, will be z,,[l] andw,[l].
dl" = Z C_k"T d.’L'n
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Substituting from the Vasicek SDEs, the stochastic paifof
is given byzfz;l e " Tg. dW,. Therefore, the variance @t
is given by
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