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straight vertical- connection between two points of V in one column.
Chargé /M — 1 (for the length of the vertical line segment) and 1
(for the cell g occupies), -hence a total of /M cells to g. (Note that
Steiner points on this vertical line segment can only have outgoing A-
edges beside the v edges now accounted for, and no other leaf can be
charged the same cells as g.)

Case b): the h edge marked by g has no other marks.

It means that this edge.can be uniquely assigned to g -and we can
again charge ~/M — 1 (for the horizontal line segment) and 1 (for the
cell of ), hence a total of /M cells to g.

Case c): the h edge marked by g has other marks as well.

Note that in this case, the & edge necessarily ends in a Steiner cell,
with one outgoing v edge continuing on to g over a path of further v
edges. Say (without loss of generality) that the path leads from the
Steiner cell downwards. The only possibility for the /2 edge to be
marked by another leaf as well is that there is a cell of V in the same
column reached from the Steiner cell by going upward. Thus we
conclude that the 4 edge can only be marked by one other cell of V,
that necessarily lies in the same column as g and is vertically
connected to it. Now charge the usual /M cells to a (for the 4 edge)
and /M cells to the other leaf for the vertical line segments.

It follows (by carrying out this procedure for cells of ¥ at
increasing distance from the root) that all / — 1 cells of ¥ beside the
root can be charged a unique set of /M cells. Hence we obtain [, = (/
- WM + 1.

We now complete the proof of Theorem 5.5 as follows. By Claim
5.5.1 we need / conflict-freé fetches to retrieve 7. By Claim 5.5.2 we
havet = L, = (! — DVM + 1,hence! = | (¢t — 1)//M] + 1. Thus
we can retrieve T by means of at most [ (¢ — 1)/<M| + 1 fetches.

By choosing for M a square close to N, the following result is
immediate. (Take, e.g., M = |J/N|?2)

Corollary 5.6: There is a linear skewing scheme using no more
than N memory banks, such that every rookwise connected template
of N cells in an N X N matrix can be retrieved in at most /N + 2
conflict-free fetches.

For arbitrary, connected templates 7 (including, e.g., diagonals) a
precise analysis as in Theorem 5.5 is hard, but the following
somewhat weaker bound can be obtained.

Theorem 5.7: Using s to store an N X N matrix into M memory
banks, any connected template of # cells can be retrieved by means of
at most [2-¢/</M| + 1 conflict-free fetches.

Proof: Follow the same argument as in Theorem 5.5 until after
Claim 5.5.1. To estimate / we now reason as follows. Enclose every
cell of V' by a ““box’’ of cells that are at most [1/2-+/M] away from
it, measured in cells along a connected (but not necessarily rookwise
connected) chain. Note that the boxes indeed are squares, and that the
boxes thus surrounding the cells of V are all disjoint. Assuming / >
I, the connectedness of T requires that in every box so distinguished
there is a chain of cells leading from the middle cells to the boundary.
This accounts for at least [1/2-+/M| cells of T per box, hence ¢ =
I'[1/2-Mand I = |2:t//M]| . The bound stated in the theorem is
thus correct, including the case that ¢ is small yet [ = 1. O

Choosing again M = | /N | (V) it follows that every connected
template of N cells in an N X N matrix can be retrieved in at most
2JN + 0(1) conflict-free fetches, using the linear skewing scheme
s.
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On the Time-Bandwidth Proof in VLSI Complexity
YASER S. ABU-MOSTAFA

Abstract—A subtle fallacy in the original proof [1] that the computa-
tion time T is lowerbounded by a factor inversely proportional to the
minimum bisection width of a VLSI chip is pointed out. A corrected
version of the proof using the idea of conditionally self-delimiting
messages is given.

Index Terms—Bisected graph, computation time, information theory,
lower bounds, self-delimiting, VLSI complexity.

1. INTRODUCTION

The lower bound on A T? where A is the area of a VLSI chip and T
is either the average or worst case computation time on the chip,
depends on the fact that T > H/w where H is an information-
theoretic constant that depends only on the function being computed
and w is the bandwidth (minimum bisection width/unit time) of the
particular communication graph (chip model) in question [1].The
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simple and plausible proof of the relation w7 > H was based on
Shannon’s Theorem 9 of [2] which states that it is not possible to
transmit information over a channel of capacity C bits/unit time at an
average rate of more than C bits/unit time. There is a problem in
applying this theorem to the communication of variable-length
messages between the two halves of a bisected communication graph,
because the definition of channel capacity (as used in Shannon’s
proof) is tricky when the ensemble of messages over the channel has
variable lengths. The dilemma is demonstrated in the following
proposition. The definitions and basic properties of the entropy H(x),
the conditional entropy H(x|y), and the average mutual information
I(x; y) can be found in {3, ch. 2]. We use the liberal notation which
identifies a random variable with its ensemble.

Proposition: Let T be a nonnegative integer-valued random
variable with mean value 7. Letm = m, - - - m; where each m; is an
independent (from 7 and the rest of the m,;’s) random variable
assuming 2¢ equiprobable values. Then H(m) = wT + H(T) bits.

Proof: Him) = H(m, T)—-H(T\m) = Him, T) — O (since T
is determined by m) = H(m, T) = H(T) + H(m|T) = H(T) —
T, 7 P(m, T) log P(m|T ) (by definition, with log = logy) = H(T)
— Zpnr P(m, T) log 2“7 (equiprobability and independence) =
H(T) + oT.

When m is the message being transmitted between the two halves
of a bisected communication graph, H(m) is the information carried
by the message over the channel. Therefore, if H(T) is positive
(variable-length messages), the total information of the message
will exceed wT by sneaking in more information in the length of
the message. In practice, this extra information is canceled out by the
requirement that the messages be self-delimiting (thus reducing
H(m|T)). An argument that incorporates self-delimiting is needed in
the case of a bisected communication graph in order to justify the w7
bound on the information flow between the two halves of the graph.
The argument given in the next section does that using the idea of
conditionally self-delimiting messages. The same remark applies to
the w7l yore bound in the worst case analysis. The total number of
different messages can in principle be 2° + 2¢ + 2% + ... +
2¢Tworst which exceeds 2¢7worst, A similar argument incorporating
self-delimiting can be made in this case too.

II. THE NEwW PROOF

We show that if w bits/unit time is the bandwidth of a bisection R
— S of a communication graph that splits the input vector (uniformly
distributed random variable) x into xz and x5 and the output vector
(dependent random variable) y into yg and yg, then the average
computation time T on this graph is governed by wT > H(yg|xr).’
The reader is referred to [1, Sec. 3.3] for the original argument.

Fig. 1 shows the information-theoretic model. Side R has full
knowledge of xg, but no initial knowledge of xs. and wants to
compute yg which depends on both xz and xs. Through the message
vector from side S to side R, namely m = m, + -+ mywhere T =
T(x) is a random variable, side R learns enough information about xg
to compute yz. Since there are only w wires between S and R each
carrying at most one bit per unit time (in either direction), each m;
can assume at most 2¢ values. The mechanism of the computation
requires that at time ¢ = 7{(x), side R is ready with the value of yg,
and knows that the computation is over. This means that,
conditioned on the knowledge of xg, m is self-delimiting. We now
give the formal argument.

Proof oT 2 H(yglxg): Let N =

x). Define th = mi(x) = -~ myas follows: i; = m;fori < T
and #; = constant for T < i € N (In other words, # is a fixed-
length version of the message m, with no explicit information about
the computation time). By the cemputation mechanism, yg is
uniquely determined from xz and ", ie.,

H(.VRIXR, m)=0.

Tworst (Maximum of T over all

Expanding the LHS term, we get H(ygr|xg) ~ I(ygr; m|xg) =
Since I(yg; m|xg) < H(rit|xg) (see [3]), we get H(yr|xr) <
H(rh|xg) and it suffices to show that H(rf|xg) <

wT. We expand
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Fig. 1. Information-theoretic model of a bisected communication graph.

H(rit|xg) as follows:
H(rit|xg)=H (1 |xg)
+ H(1f1y| 1y ,xR)
+H(ﬁ13|’ﬁly mls xR)
4.'H(’f1N|”A71, tee, Hin_y, XR).

Denoting by i, the first ¢ symbols i, - -+ i, of i, this can be

rewritten as
N
H(rt|xg)= E H(riv | iy, Xg).
t=1
To estimate the general term H(#1,\m,_, xg), we expand it as

- E <P(’f1t—1,xR)

My _ 1R
XE P(ri |, _y, xg) log P(ri|th,_, xR)> .
"y

For every t = 1, , N, whether or not the computation time 7 is
less than ¢ can be determined by #,_;, xg. If T" < ¢, the inner
summation is zero because #, will be a constant. Otherwise, the inner
summation is bounded by w since 77, assumes at most 2¢ values.
Therefore, H(i#1, |1, xg) < Pr (T 2 Do, and

<
N
H(r|xg) < Y

Pr (T 2 o

-~

lI
) Mz

N
2 Pr (T=i).

Each term of the form Pr (T =
summation, hence we rewrite

j) appears j times in the double

N
< wX 3 jxPr (T=)) ;

Jj=1

H(rft|xR)

which reduces to w7, and the proof is complete. U

Two final remarks are in order. First, the message need not be
absolutely self-delimiting, i.e., without the knowledge of xz one
message can conceivably be a prefix of another. Secondly, requiring
that at time T the chip knows that the computation is over cannot be
replaced by the weaker condition that the output y remains the same
from time T on. The latter condition leaves us unsure about when to
collect the output, possibly until time Tyore-
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